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1. INTRODUCTION 
1 c 1 0 General 
The purpose of this research is to study the free and forced 
vibrations of hyperboloidal shells of revolution. Shells of this form 
are commonly used as cooling towers for electricity generating units 
and chemical plants. ,A stiffening ring at the base of these struc-
tures restrains any displacement or rotation; consequently} the boundary 
cond'itions of interest correspond to a shell which is clamped atone 
edge and free at the other boundaryo The problem is formulated for a 
general shell Of revolution of which the hyperboloid is considered as 
a special case 0 The investigation i.8 limited to thin shells of a 
linearly elastic} homogeneous) isotropic material and to small strains 
and rotati.ons 0 However) an approximate solution can be obtained for 
thin sandwich s'hel.ls. Although attention is given to shells"'with 
clamped- free boundary conditions) other boundary condi ti.ons may, be 
cons i.dered . 
The interest in the dynamic behavior of the hyperboloid 
results from the failure of several cooling towers during a severe 
wind storm. A committee investigating the failure [3]* found that the 
dynamic effects of the wind may, be an important design factor 0 
The only known, investigations of a freely vibrating hyper-
boloid are the model studies of Ne~l [23] and of the Central 
* Numbers in the brackets refer to entries in the list of References. 
2 
Electricity Research Laboratories of Great Britain [3] which were 
conducted to determine the lowest natural freCluencies of hyperbolic 
cooling towerso However) both of these models failed to represent the 
rigidly clamped boundary condition that exists at the base. Neal's 
model was supported on thin metal strips to simulate the colQ~n 
support of the actual structure) but it did not account for the ring 
at the baseo Although the base of the model was clamped in the study 
of Refo [23], there is reason to believe that the deflections and 
rotations were not completely restrainedo This problem of' insuffici.ent 
cJlampi.ng has been observed in experiments with other shells and is 
di.scussed in Chapter 50 
1wo methods of analysis are used in this investigation to 
determine the natural freCluencies and mode shapes of the general shell 
of revolution 0 The first method is a generalization of the Holzer 
method for free torsional vibrations of shafts [16]0 It was used by 
Goldberg) Bogdanoff) and Marcus [11] to study the axiSyilLrnetric vibra-
tions of short conicEl,l shells and has been extended by Goldberg and 
Bogdanoff [10] to include nonsymruetri.c vibrations of a cone 0 For 
longer shells, however) the growth of extraneous solutions causes dif-
ficulties when the differential eCluations are integrated numerically 
as initial value problems. In studying the free vibrations of general 
shells of revolution both Kalnins [18] and Cohen [4J resolved this 
problem by dividing the shell into short segments 0 The differential 
equations are then integrated over each segment and the solutions are 
combined to satisfy continuity reCluirements at the junctions of the 
segments 0 
3 
Another technique to suppress the extraneous solutions) which 
is used in this investigation) was developed :Lndependently by Zarghamee 
and Robinson [32J and by Goldberg et alb [12]0 With this method) the 
solutions of the initial value problems are combined to satisfY a set 
of independent conditions at points along the shell meridian wherever 
the extraneous solutions have grown too large 0 This method is prefera-
ble to the multi-segment method because only half as many independent 
partial solutions of the differential equations are requiredo 
An asymptotic method is also used to solve the free vibration 
problem 0 This method was developed by Zarghamee and Robinson [33] to 
study a freely vibrating steep spherical shell by extending 
GolYdenveizervs asymptotic integration method to the dynamics of 
--s-he-±ls---[-1-4Jo---l~n·-Gl::J.a-pte-Yc ..... -.. 4-i-t--i $- g@ner-a~ized to~in cludearbi traI'¥ 
shells of revolution 0 Some difficulties encountered in applying this 
method are discussed i.n Chapter 50 
In Chapter 7 the modal method of an~lysis is used to demon-
strate the behavior of the hyperboloid when subjected to dynamic 
loading 0 One Lmportant loading for hyperbolic cooling towers is wind 
loading 0 In this study the dynamic effects of wind are taken into 
account 0 110 keep within the scope of this investigation" the wind 
is considered as a deterministic rather than a random phenomenono 
The static response to wind loading is also determined by the modal 
method to compare with known static solutions and to study the 
significance of each mode in the modal analysis 0 Some important 
characteristics of the mode shapes of the hyperboloid which maybe 
4 
very important for some types of dynamic loads are also discussed in 
Chapter 70 
1020 Nomenclature 
The symbols are defined when they first appear in the text. 
For 'convenience they are also summarized below. 
a,b 
a . 
nl. 
A 
c 
D 
. D~ 
J 
D 
e 
E 
f 
f ff 
nx' ne' nz 
parameters defini.ng the geometry of the middle 
surface (See Appendix) 
quantity having the dimension length, associated with 
harmonic n and mode i 
metric coefficient of the middle surface defined by 
. Eqo (2 c 4) 
matrix of constants to be determined at suppression 
point i 
index of vari.ation 
pressure coefficient 
pressure coefficient for the nth harmonic 
flexural rigidi.ty 
matrix of partial solutions 
= matrix of partial solutions at suppression point j 
after a total of i suppressions have been made 
characteristic dimension of the body taken as the 
throat diameter for the hyperboloid 
modulus of elasticity 
frequency of vortex discharge 
time functions of the external load 
dynamic load factors 
scaling matrix at suppression point i 
G. 
l 
h 
h* 
k 
k 
K 
K 
L 
n 
MxJMe 
M e,Me x' x 
n 
N . 
nl 
p 
P ,Pe,P x z 
5 
matrix of arbitrary independent conditions at 
suppression point i 
integral defined by EQ. (6014) 
shell thickness 
h 
elastic parameter 
Gaussian curvature ~ 1 
r l r 2 
dimensionless elastic parameter = (£4/D) k 
characteristic length of the shell 
differential operator matrix 
bending moments 
twisting moments 
mode participation factors 
circumferential wave number or harmonic number 
normal forces 
i.n-plane she?-rs 
f6 . integral defined by E~o \ all) 
freQuency parameter of the shell p£2(1 _ v
2 )w2 
.E 
the ith coefficient in the asymptotic expansion for 
the freQuency parameter 
= freQuency parameter determined from' the membrane 
eQuation and also the first term.in the asy~ptotic 
expansion of p 
reference pressure 
components of external pressure 
p p p 
nx) nB) nz 
p p p 
nx" nB' nz 
r 
s 
s 
T 
u ,v )w 
n n n 
un,vn"Wn 
uni)vni)wni 
u 
6 
components of external pressure which are functions of 
x only 
c~liPonents.of external pressure corresponding to the 
n harmonlc 
time dependent parameter 
transverse shear force stress resultants 
parallel circle radius and one of the metric 
coefficients 
principal radii of curvature of the shell in the 
meridional plane and plane perpendicular to the meridian 
respectively 
Reynolds number = UDe/ll 
arc length 
in-plane shear reaction at the free boundary 
Strouhal number = fD /U 
e 
time (sec) 
,D 1/2 
dimensionless time = (~) t 
£ ph 
= components of the displacement at the'middle surface 
= components of the displacement at any point in the 
shell 
= 
components of the middle surface displacement corre-
sponding to the nth harmonic 
mi.ddle surface displacements of freely vibrating shell 
for the nth harmonic 
the ith perturbation of the dynamic edge effect; also" 
modal dis pIa cements for harmonic n and mode i 
the ith asymptotic solution in the internal region 
fluctuating component of the wind velocity about the 
mean 
mean wind velocity 
mean wind velocity at the top of the structure 
U 
n 
Uo 
nl 
v 
x 
y 
z 
f3 
e 
7 
dlsplacement vector for harmonic n 
displacement vector for harmonic n and mode i 
transverse shear reaction at the free boundary 
parameter which defines a point on a meridian of 
the middle surface 
value of x at the base of the shell 
value of x at the shell boundary 
value of x at the top of the shell 
increment size 
global coordinates of the shell middle surface 
any dependent variable of the transient response 
thickness coordinate measured positive inward from 
the middle surface 
Lame coeffictents; also} indices of intensity 
strain components at the reference surface' of the 
shell 
strain components at a point not on the reference 
surface 
characteristic dimension of the middle surface 
= circQrnferential coordinate of the middle surface 
2 PO 1/4 ~ (l-~ __ ) where all terms are evaluated at 
~ r
2 
£2 
a boundary 
viscous damping parameter 
kinematic viscosity of the fluid 
v 
p 
(J ,Oe'O x z 
cp 
w 
w. 
nl 
w . 
nl 
8 
Poisson Y S ratio 
mass density of the shell material 
mass density of air 
normal stresses 
shear stresses 
natural circular frequency 
natural circular frequency for harmonic n and mode i 
dimensionless natural circular frequency parameter 
_ 1212 1/2 
(K +-2- p) 
h 
9 
2. FUNDAMENTAL EQUATIONS 
2,1. Introduction 
The fundamental e~uations for a thin shell of revolution are 
developed in this chapterc The shell geometry is discussed briefly) 
followed by the derivation of the governing partial differential 
e~uations of motion for a general shell of revolution. These equations 
are then reduced to an eighth order set of ordinary differential 
equations) the solution of which is the subject of later chapters 0 
Finally) the boundary conditions of interest are given. 
The equations derived are subject to the following assumptions~ 
1. Rotations and displacements are small. 
20 The shell is made of a linearly elastic) isotropic 
material. 
30 l!he effect of the normal stress which acts on surfaces 
parallel to the middle surface is negligiblec 
40 LoveR s first approximation :[:22] is valid) i.eo) normals 
to the middle plane remain straight and normal to the 
middle surface after deformation and the extension of 
these normals is not appreciable 0 
50 When the stress resultant displacement relations are 
formulated) terms O(z/R) can be neglected compared to 
unity; z is the radial shell coordinate) and R is some 
radius of the·shellc This assumption is closely related 
to Love!s second approximation which is the linearization 
of the strains with respect to ~, 
10 
60 Rotatory inertia is neglected" 
7 The shell thickness h is constant 0 
Because of these assumptions) the investigation is restricted 
to thin shells (h/R« 1) where h/R is the maximum thickness to radius 
ratioo 
2020 Shell Geometry 
A brief review of the shell geometry is given here for con-
venience and to present the notation 0 The derivation of the results 
may be found in texts on shell theory [21]. 
A surface of revolution is formed by rotating a plane curve 
called a meridian about an axis (see Fig. 1)0 The plane containing 
themeridi.an and axis of revolution is called the meridional planeo 
A cross-section of the surface perpend:i.cular to the axis is a circle 
of radius r 0 l'he pos i tion of a meridian is determined by an angle e 
that is measured from some datum meridional plane; a point on the 
meridian is determined by some parameter xo . Hence, the parametric 
equations of the meridian are 
r r(x) z Z(x) 
and the equations of the surface can be written as 
x r cos e y r sin e z Z(x) 
From the di.fferential geometry of surfaces, .it is known that 
the distance between any neighboring poi.nts is given by 
where 
2 
r 
JX 
11 
The notation () signifies differentiation with respect to x. 
"x 
Furthermor~an element of surface area is 
dS -, rAdxdB 
The meridian and parallel circle lines are the lines of 
(2.4) 
principal curvature along which the curvature of a section normal to 
the surface has an extreme value 0 One of the principal curvatures kl 
lies in the meridional plane and is the curvature of the meridian 0 
This curvature is determined from 
r Z - r Z )x JXx )xx JX 
A3 
The other princi.pal curvature k2 J which has a parallel circle line 
as its principal direction) is given by 
and r 2 
The principal radii of curvature are defined by r - ~ 1 - kl 
~2 (see Figo 2)0 The center of curvature for r 2 always lies 
on the axis of revolution 0 
When the parameter x is chosen so that Z> 0) a principal )x 
radius of curvature is positive if the center of curvature lies on the 
same side of the surface as the axis of symmetry 0 Consequently) 
12 
T2 is always positive and r l is positive when the meridian is concave 
inward 0 
The Gaussian curvature of a surface is defined as the product 
f th ". l t K ___ 1_ o e prlnclpa~ curva ures - 0 
r l r 2 
A surface has positive) negative., 
or zero curvature according to the sign of its Gaussian curvature 0 
A surface of revolution satisfies the differential equations 
-KAr 
and 
Equations (208) and (209) are special forms of the Gauss-Codazzi 
equations. 
An orthogonal set of coordinates (x,B,z) called shell 
coordinates is used to define points on the shello The middle surface, 
which is determined by the surface coordinates ~x,B), is used as the 
reference surface 0 II1he z coordinate is the normal distance from the 
middle surface and is positive inward 0 
The curve that is formed by. varying the x coordi.na te while 
B = constant and z = constant is called an x coordinate linea 
Similarly, a B coordinate line is formed by varying only B and a z 
coordinate line is formed by varying only z. If h is the shell 
thickness, the exterior surfaces of the shell are represented by 
z = ± h/2o 
13 
The distance between any neighboring points in the shell is 
2 ? 2 ds = a-dx + jS2dS 2 + 1' 2dz 2 
where 
a ~ A{l - ~) t3 r{l - ~) I' 1 r 1 r 2 
are the Lame' coeffici.ents for the shell of revolution 0 
The principal radii of curvature, r, and A are given in the 
appendix for a cylinder, cone, and a hyperboloid of one sheet. 
2030 Definition of Stress Resultants 
Figure 3 represents a differential element of the shell that 
is formed by the surfaces x = constant, S = constant) and z = ~ h/2. 
The pos:itive sense of the stresses acting on an elementary volume of 
the shell is shown in Figo 40 From'Eqso (2010) and (2011)3 the 
elements of area of the cross-section are 
adxdz t3dSdz (2012) 
The force on across~sectional face is determined by inte-
grating the product of the stress and an element of area through the 
thickness 0 In shell theory it i.s convenient to define the forces as 
forces per unit length of a middle surface coordinate lineo For 
example, the normal force per unit length that acts on the surface 
x = constant is 
so that 
N rde 
x 
h/2 
de J 
-h/2 
f3a d z 
x 
14 
h/2 
Nx J ax (l - z/r2 )dz 
-h/2 
The bending and twisting moments per unit length are 
determined by multiplying the force on an element of area by z and 
integrating through the thickness. The twisting moment on the 
surface x = constant is) for example) 
h/2 h/2 
Mxe 
'1 J f3Z'Txedz J z(1-z/r2 )1"Xe dz r 
-h/2 -h/2 
The shear stress resultants are determined by integrating 
the shear forces on an element of area through the thickness. 
The complete set of formulas for the stress resultants is 
h/2 h/2 
Nx J ax(l - z/r2 )dz Qe J 1"ez(l - z/rl)dz 
-h/2 -h/2 
h/2 h/2 
Ne J ere (1 - z/r1 )dz M = J a z(l - z/r2 )dz x x 
-h/2 ~h/2 
h/2 h/2 
N
xe = J Txe (1 - z/r2 )dz Me J ~ez(l - z/r1)dz (201,3 ) 
-h/2 -h/2 
15 
h/2 h/2 
Nax ~J {1 - z/r1)dz M a ~J 'fxaz(l - z/r2 )dz 'f a ' x' x 
-h/2 -h/2 
h/2 h/2 
Q. J 'f (1 - z/r2 )dz Max ~J 'faxz(l - z/rl)dz -x xz' 
-h/2 -h/2 
The positive sense of the stress resultants is shown in Figo 50 
2040 Eq~ations of Motion .in Terms of Stress Resultants 
The equations of motion for a shell of revoluti.on are 
obtained from the equations of motion of a three-dimensi.onal medium 
referred to orthogonal curvilinear coordinates corresponding to the 
deformed bodyo Since it is assumed that displacements and rotations 
are small) the shell coordinates can be used as the reference coordi~ 
nate systemo Body forces are taken as zero 0 In terms of the previously 
defined lam~ coefficients; the equations of equilibrium are 
~x (f3ox) + a ~a ~xa + ~z (af3'f ) + f3'f ~ - yo ~xf3 - paAc2u = 0 u 00 Q' . xz xz OZ· e ox I-' dt 2 . 
o 
The terms (u, v, w) are components of the displacement vector at poi.nt 
(x)a;z) in the direction of the tangents to the respective coordinate 
lines. The mass density is designated by p. 
16 
The force equilibrium equations for the shell element are 
obtained by integrating Eqso (2014) through the thickness and intro-
dN
ax 
h/2 2~ 
d _ Ar Q 
-J pail d u dz (2015a ) dX (rNx ) + A. ~ - r Na + ArP 0 )x r l x x dt2 
-h/2 
d '. dNa 
_ .fA!, Q 
h/2 2~ 
+ ArPa J d v (20 15b) ex (rNxa ) + A :;e- + r Na - pa~ ~ dz 0 JX x r 2 a 
-h/2 dt 
dQ h/2 2 ~ (rQ ) + A ~ + A.r N + Ar N + ArP - J' pat3 d W2 dz ax x aarl x r 2 a z ~ 
-h/2 at 
o 
where 
p/2 '\ , I h/2 
P - 1 J ~ (at31" ) dz = =- a~1" I x Ar oZ xz Ar xz 
-h/2 . -h/2 
:is the component of the external force in the x direction which acts 
on the mi.ddle surface of the' shell 0 Similarly J P a and P z are the 
components of the external force in the a and z directions respectively 
(see Figo 1) 0 
The moment equilihriumequations about the x and a coordin-
ate lines are determined by multiplying Eqs 0 (20l4a) and (2.,14b) by z 
and integrating through the thickness 0 The resulting definite 
integrals are eliminated by use of Eqs. (208)) (209)) and (2013) to 
yield 
d (rM ) dx x 
d { . 
dx \.rMxe ) 
The term 
dlYI
ex 
+ A ~ - ArQx 
+A 
dM 
. e 
~ - ArQe 
zCXt3'T 
xz 
Ar 
r Me )x 
+ r Me )x x 
-h/2 
17 
h/2 0-
+ ArLe 
-J pcxt3z d~u d 0 (20 l6a) -- z dt2 
-h/2 
h/2 2-
-J d v (20 l6b) - ArL pcxt3z -- dz 0 x dt2 
-h/2 
is the component of external moment about the e coordinate line 0 A 
simi.lar expression for L is obtai.ned which is the component of 
.x 
external moment about the x coordiriate linea It will be assumed that 
An additional equation} which corresponds to moment 
equ~ilibrium about the z coordinate line) can be obta inedfrom the 
definitions of twisting moments and in-plane shear forces in 
Eqo (2013)0 This equation is an identity) ioe.) 
-M e Me 
x x N 0 ~~ + -~ +N -' ex == r l r 2 xe 
The transverse shear forces Q
x 
and Q
e 
are eliminated from 
Eqso (2ol5a - 2ol5c) by means of Eqso (2.16a) and (20l6b) to give 
18 
o 
~x (rNxe ) + A "'Vl, e + r N - ~ "'\"'":" (rM ) + A ~e r Me d "dNe fd dLVIe} o 00 ,x ex r 2 ox xe d~ )x x 
h/2 2~ J d v '. / '\ + ArPe - pCif3 ~ (1 ,.. z r 2 }dz dt-
-h/2 
o 
~x {i ~ (rMx) + A~~X - r,xMe]} +~e {~ [~x (rMxS) + A:e 
~ _r;xMexJ}±~~_Nx -+-~~Ne- "'ArEZ----~: 4X~L ~; nz __ 
h/2 h/2 
J -2~ J 2~ d l,oaBz d u~d d rPCXf3z 0 V)dz - ·dX .\~~} z - dB \..r dt2 
-h/2 dt -h/2 
o ( 0 1'7 ~) ' .• r_.o j C 
2050 stress Resultants in Terms of Middle Surface Displacements 
The' strain-displacement relations for the shell can be 
obtained from the general strain-d_isplacement relations of a three-
dimensional mediumo It is assumed that displacements and rotations 
are so small that all quadratic terms maybe neglected. Then in terms 
of shell coordinates the strain-displacement relations are 
E _ 1 (li + cx w) 
x ex )x ,z (201& ) 
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1 J3 , x ~ 
E8 ~ 
(-)- u + v )8 + ~ w a )z 
E =: W 
Z :,z 
w )8 (3 z -
18z -~+ v -L:::.... V (3 :,z (3 
w 0-
~ z -i 11 + - _J_ U 
zx )z a 0: 
u )8 v (3 ~ x-I =: --+ - -)~ v xG ~ 0: 0:(3 
It is assumed that normals to the middle surface remain 
straight and normal to the middle surface after deformation which 
implies that l zx =: 1"8z = 00 It is also assumed that w does not vary 
much through the thickness compared to u and Vo These assumptions were 
first appli,ed to shells by Love [22J and are known as Love v s first 
approximation 0 
If the displacements of the middle surface are designated by 
(uJv,w) (see F1go 1)) the Love 7 s first approximation yields 
('in 
- zw f3v - 'zw ,q 
u -'x v = 
)'"' 
w = w A r 
The strains at a point in the shell are given in terms of 
middle surface displacements by substitutingEqo (2.19) into Eqs 0 (2018). 
Hence) 
where 
'V 
I xe 
E 
X 
.-
Ee - zX 2 
1 -z/r2 
u 
~ W 
fI 
.t"1. r l 
v e r x 
=-'-+-"-u w 
r
l 
. Ar r
2 
v rUe 
'Y _ ~ } X ---L::.. 
Ix-e -A - Ar v + r 
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are the middle surface strains that determine the extension and 
X 2 
v e 
+ -'= rr2 
r d (v) u e 1 d w e 
= Ar ~x =r" + ~'-. + A~ ~ (-L:-) 2 0 rlr ax' r 
are the curvatures and twist which give rise to the flexural strainsc 
The investigation is restricted to linearly elastic) isotropic 
materialsc Furthermore, it is assumed that the effect of a is 
z 
negligible compared with the effects of the other stresses in the sheIla 
This leads to the stress-strain relations for a condition of plane 
stress 
21 
'rx8 
where E is Young 1 s modulus and V is Poissonis ratio. 
The stress resultants are formulated in terms of the dis-
placements by substituting Eqso (2020) and (2022a) into Eqs. (2.13). 
Before these substitutions are made, however, Eqs. (2.20) and (2.13) 
are simplified by neglecting all terms with magnitudes O(z/R) compared 
with unity. The linearization of the strain-displacement relations) 
Eqs. (2.20), is sometimes known as Loveus second approximation. With 
these simplifications) the stress resultant-displacement relations are 
N 
x 
Eh 
I-v 
.Eh 
I-v 
Eh rt - v 8 r u (. \ W ~ Ex+VEe J --- -+ V(-)- + 2 2 r l r Ar I-v 
Eh r-v e r u ( Ee+VEx Y ._)=+ ~u W ( ,x := ~-2 - -+ V ---2 r Ar r 2 A I-v L 
Eh ,8 ,x ,x tu v r J r + -P:- - Ar v 
W ee r 
+ V (-L:...::.. -f- ~ W 
'. 2 . ? 
r A '-r ,x 
.~~ r ' 2 
~)J 
r l 
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( .xx.x .x l'x) + V _/- - _/- W + _/- - -- u w A u r ~ 
A 2 A 3 J X Ar 1 Ar 1 2 _ 
= -D(l+vl ~JXe _ .Y,X W + v,x _ r,x v + U,~ 
, L Ar Ar2 ,8 Ar 2 Arr2 rr~ 
wbere 
D 
tbese e~uations are identical to the stress resultant-displacement 
relations derived by GciP_denyeizer [14] 0 
206. E~uilibriumE~uations in Terms of Displacements 
The e~uations of motion are given in tF=rms of middle surface 
displacements by substitutingE~so (2023) into E~s. (2017). The 
integrals that appear in Eqso (2.17) are evaluated by using 
and 
23 
h/2 
J 
-h/2 
Similar expressions exist for the other integrals, The terms 0(h3) 
correspond to rotatory inertia and are neglected, 
If the external load can be represented by 
p P (x"t)cos ne 
x nx 
00 
Pe :=: L Pne(x)t)sin ne (2024) 
n=O 
p P (x)t)cos ne 
z nz 
the eSLua tions of motion in terms of displacements ad.rni t solutions of 
the form 
u -; (x)t)cos ne 
n 
CXl 
L ,-.....; ~ \, g ne (2025) v - v n \.x J t ) s In 
n=O 
w :;; (x,t)cos ne 
n 
The deflections can be represented in the form of Eqo (2025) provided 
that torsional vibra.tion) tha.t i.s" the case where u = w = 0 and v f=. 0 
does not occuro 
·After the load and displacements are expanded by means of 
Eqs 0 (2024) and (2025)., the following set of equations is obtained 
for each harmonic~ 
4- (l+V) 
2 
24 
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o (2.26c) 
2070 Boundary and. Initial Conditions 
The solution of Eqs 0 (20 26a - 20 26c) is subject to the boundary 
conditions at the edges of the shell and the initial conditions at the 
time t = 00 It is assumed that the shell is initially at rest so that 
a t time t = 0 all displacements and velocities vanish 0 
A total of ei.ght boundary conditions must be known in order 
to solve for the constants that result from the governing eighth order 
system of differential equationso In this investigation the shell is 
assumed to be free at the top and completely fixed at the base. These 
boundary conditions often occur in practice such as in stacks, cooling 
towers) loud speakers) etco 
Since the derivation of the boundary condition equations can 
be found in several sources such as Gol!denveizer [14J, only the final 
results are p~esentedo 
At ~he fixed edge (x ~)) no deflection or rotation can 
occur. Hence, 
~n(~Jt) - 0 
:;n(~)t) - 0 
(2.27) 
:;;n(~Jt) 0 
:;; (~)t)=O 
nJx 
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At the free edge (x =: x) the boundary conditions are t, , 
N (xt ' t) 0 X' 
o 
o 
In terms of displacements) Eqso (2.28) yield 
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30 FREE VIBRATIONS 
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The problem of finding the motion of a freely vibrating shell 
is included in a large class of problems known as eigenvalue problems, 
For the shell the problem is to determine the configuration or natural 
mode of vibration for which all points on the shell execute simple 
harmonic motion at the same frequency and in the same phase with no 
external excitationo A frequency for which simple harmoni.c motion is 
possible is an eigenvalue of the problem and is called a natural 
frequency 0 The corresponding set of mode shapes (unlVn"w
n
) determi.ne 
the configuration 0 
The differential equations for a freelY,vibrating shell are 
determined from the equations of motion [Eqso (2026)J by setting the 
external loads equal to zero and assuming displacements of the form 
u (x) 
n 
v (x) 
n 
si.n (wt + a) 
w (x) 
n 
The term w is the natural circular frequency and a is the phase angle. 
r 2. 2 
When Eqso (301) are substituted into Eqso (2026), a quantity p'.l-~ )w 
appears in each of the resulting equations of free vibration. It is 
convenient to replace this term by 
( . 2\ 2 L = p I-v 14J 
£2 E 
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where p is defined as the frequency parameter and £ is some character-
istic length of the shello The boundary conditions for (UnJvn,w
n
) are 
identical to those for (~ J~ ,~ 1. 
n n n' 
The problem is to find the mode shapes (un,vn'w
n
) and the 
natural frequency parameters p that satisfy the differential equations 
and the homogeneous boundary conditions. As characteristic of many 
eigenvalue problems, a whole family of discrete eigenvalues exists, 
each having a different mode 0 ,A set of eigenvalues and modes is 
obtained for each harmonic n in the case of a shell of revolution. 
Since for a general shell of revolution it is unreasonable 
to expect to find an exact solution of the equations of free vibrations, 
the eq.uations must be solved numericallyo Two methods are presented in 
this investigationo The first method, which is a generalization of the 
Holzer method) :is discussed in the present chapter 0 An asymptotic 
method is examined in Chapter 40 The results of several example 
problems solved by these two methods are presented in Chapter 50 
3020 Description of the Holzer Method 
The basic idea of the Holzer method l.s to assume a value for 
the frequency parameter P' and then to determine i.f itli th this value 
of p a nontri.vial solution of the equations of free vibrations exists 
which satisfies the homogeneous boundary conditions. If such a 
solution does exist, the assumed value of p is an eigenvalue of the 
problem and the displacement functions are the mode shapes associated 
with that eigenvalue 0 
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The governing system of linear ordinary differential 
equations for free viorations (Seco 301) is of the eighth order. 
Hence) eight boundary conditions are needed to solve for the eight 
arbitrary constants of integration 0 As discussed in Sec. 207) four 
boundary conditions are known at each edge of the shell; the problem of 
free vibration of a shell is a boundary value problem 0 However) in 
order to make use of nwnerical integration) the problem is transformed 
into a set of i.ni tial value problems 0 
In an initial value problem the values of all dependent 
variables and all but thei.r highest derivatives must be known at one 
boundary in order to integrate the differential e~uations to the other 
boundary as a marching problem 0 For the vi.brating shell) eight initi.al 
condit:ions must then be known 0 In this investigation" the integration 
will proceed from the base to the top of the shell which requires 
knowledge of all eight initial conditions at this boundary 0 Since 
only four boundary cond.itions are known at the 'base, four additional 
conditions, must be assumedo 
The four unknown conditions correspond to four constants of 
integration that have to be determined from the boundary conditions at 
the top of the shello The influence of each of these unknown constants 
on the total solution is obtained by assuming four ind_ependent values 
for the unknown ~uantities at the base and integrating the equations 
of free vibrations to the other boundary as four separate marching 
problems 0 r.Ilhi.s yields four independent partial solutions of the dif-
ferential equations. Since the differential equations are linear; the 
total solution is obtained by combi.ning the four partial solutions 
32 
linearly. If a nontrivial solution exists for the assumed value of p) 
the unknown constants are determined from the boundary conditions at 
the topo As characteristic of eigenvalue problems) each set of mode 
shapes can only be determined to within a single arbitrary constant 
because the boundary conditions are homogeneous a Y-he existence of a 
solution i.8 discussed below 0 
The procedure for determini.ng an eigenvalue of the problem 
is as follows~ 
10 Assume a value for p. 
20 In addition to the known initial conditions at the base 
w =w 
n)x n 'U = v := 0, assu.rne four independent values n n ' 
for the unknown derivatives) such as 
(1) (2) (4 ' 
w" w w' ) 1 0 0 0 
n)xx n)xx n)xx 
(1) 
w' 0 1 0 0 
n)xxx 
:= (3.2) 
u(1) l: 0 1 0 n)x v(l) 0 0 1 n):x 
where the superscript specifies the partial solution 0 
3 Q NtlIDeri.cally integrate the equation of free vibrations 
from the base to the top of the shell for each set of 
assurned initial conditions (see Seco 303)0 
evaluate the quantities 
i 
At x = x t 
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4. The total solution is a linear combination of the partial 
solutions 0 Hence) at x x.J.. 
L, 
N N(l) N(2) N(4) cl 0 x x x 
M M(l) c2 0 x x 
= = (3.3) 
IT Vel) c
3 
0 
s S(l) c4 0 
L-. _I !.-
-I I- -I I-
-+ 
For a nontrivial solution to exist) the determinant 
6, of the coefficient matrix of Eqo (303) must vanish 0 If 
6, = 0) the assumed value of p is an eigenvalueo The mode 
shapes are then determi.ned to within an ar'bi trary 
constant by solving Eqo (30,3) for three of the constants 
i.n terms of a fourth one and then combining the partial 
solutions 0 
If 6, f 0) use a new estimate of p and repeat the 
above procedureo 
Since the elements of the determinant are continuous functions 
of p) 6, is also a continuous function of po Hence, the procedure of 
finding eigenvalues of the problem corresponds to determining the roots 
of the 6, vs 0 p curve 0 ,After two values of p are found for which the 
sign of 6, is opposite) the root is further isolated by using the 
regula falsi method to determine the next three estimates of p. If a 
sufficiently exact solution is not obtained using this method) the 
secant method of determining roots is used until a .root is found 0 
Convergence is faster with the secant method) but the regula falsi 
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method is used initially to ensure that the solution does not diverge 0 
A discussion of these methods may be found in texts on numerical 
methods [26] 0 
For the axially symmetric case Sy v
o
' and derivatives of vo 
vanisho The procedure for determining natural frequencies and modes 
is the same as 'before except that only two equations of free vibrations 
are used and only three partial solutions are constructed. 
In order to integrate the set of differential equations 
numerically, the highest derivative of each dependent variable must 
appear in a different equation; consequently, u is eliminated from 
n,xxx 
Some diffi.culties.~ which are due to growth of extraneous 
solutions, are encountered when solving the differential equations 
numerically 0 .A technique for suppressing these solutions is the subject 
of the later secti.ons of this chapter 0 
3030 Numerical Integration 
Because of the complexity of the differential equations) 
numerical methods are used to perform the integration 0 The method of 
nmnerical integration chosen is a modification of the trapezoidal rule, 
The meridian of the shell, over which the equations are to be 
integrated, is divided into N equal increments of length~. A set 
of recurrence formulas are developed by assuming that the highest 
derivative of each displacement function varies linearly with Zo 
Consider the integration of the differential equation 
r () ( r-l r-2 ) y x = f ,x,y ,y , 0 0 o,y 
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where r i.s the order of the highes t derivative 0 
At some point x = x let yr(x ) = yr and at x = x + 6x 
s s s s 
= x 1 let yr(x 1) = yr 10 Since it is assumed that yr varies s+. ". s+ s+ 
linearly) it follows that 
( r r,) 
.,y s+l - Y s' 
Yr(x) =- yr + (x - x ) 
., s 6x l, S' 
The lower derivati.ves of yare determined by i.ntegrating Eqo (305) 0 
Therefore) 
r-l() r-l Y x -Y s [
X r r { , (Y~+l - Y~) 2 
= Y (x)dx = Y lX-x ) + (x-x ) s· s 2L.x s 
s (306) 
which is simply the trapezoidal rule 0 
The m th derivative of y :i.s then found by integrating the 
equation for the deriyative of order m+lo For example) yr-2 is found 
by integrating Eqo (306) 0 When r < 4 the complete set of recurrence 
formulas is 
r r y y 
r-2 r-2 r-l (3S + ~)\(A~~)2 Ys+l = Ys + Ys 6x + 0 ~ 
r r 
3 3 2 1 ( A~~'.)2 Y Y 1 3 r- r- r"" y- ~ ( s + ~)' (6x '\ Ys+l = Ys + Ys 6x + Ys 2 +.S- 24· j 
o It l.s understood that y == y and that r - m is never negative. 
Although Eq. (308) 1.S the trapezoidal rule" the coefficients of the rth 
derivative terms in the other recurrence formulas differ from the 
trapezoi.dal rule. If it is assumed that the highest derivative varies 
linearly with x) the lower derivatives cannot vary linearly as integra-
tion by the trapezoidal rule suggests 0 On the other hand the present 
method is a consistent approximation. 
For the trapezoidal rule) it is known that the truncation 
error in a single step is of order (&)3. (See Crandall [5]). When 
the integration l.s extended over the entire range of x" the total error 
. ·2 is of order (6x) 0 However" except for the hi&hest derivatives" the 
truncation error is not as large for the modified trapezoidal integra-
tion formulas 0 
The equations of free vi.brfltion are integrated by using the 
recurrence formulas. The procedure for determining the displacements 
and derivatives of the displacements at x 1 when these values are 
s+ 
known at x is as follows~ 
s 
1. Arrange the equations -in the form 
u 
n"xx 
v 
n"xx 
f(x"p"UJU "v"v "w" . 0 .9W ) 
IT n"x n n"x n . n"xxx 
.- g(x"p,u"u ,v ,v "w". 0 .')w ) 
n n"x n n"x n n"xxx 
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At x 1 assume values for u v and w and 
s+ n)xx' n)xx) n xxxx 
use EClSo <.308 - 3011) to compute un xJun,vn x,vn ' 
-' , 
w )OOO)w 0 Substitute these values into EClo (3012) 
n,xxx n 
to determine new values for the highest derivatives 
u ) vn xx' and w at xs+lo n,xx, n,xxxx 
If u ,v and w eClual the assumed values of 
n,xx' n)xx' n)xxxx 
these derivatives withi.n some allowable error -' a solution 
at x 1 has been obtained. If the derivatives have not 
s+. 
converged) use the computed values of u ,v and 
n)xx n)xx 
w as the new assumed values of the hi.ghest 
n)xxxx 
derivatives and repeat step 20 
3040 Suppressi.on of Extraneous Solutions 
In the bending theory of statically loaded shells J the 
solutions contain terms that are rapidly growing functions of x and 
others that are rapidly decaying functions. Therefore, a common method 
of solving shell problems is to add an edge correcti.on to the membrane 
solution 0 The equations of the edge correction are in the form of the 
beam on elastic foundation eCluationso For thin shells the effect of 
an edge correction damps out rapidly and is negligible at the other 
edge when the shell is suffic:iently long (see Gol' denveizer [14]) 0 As 
a result, the growing functions can be dropped from the solution) and 
the edge corrections for each boundary can be applied independently. 
It is expected that a freely vibrating shell will behave in a manner 
similar to the statically loaded shell and will have a decaying edge 
effect c Zarghamee -and Robinson [32] have demonstrated that a spherical 
shell does behave in this manner for the lower frequencies 0 
If the equati.ons are numerically integrated as an initial 
value problem) in principle the value of 6. can be determined to check 
if the homogeneous boundary condi.tions are satisfiedo Unfortunately} 
for mos t shells of i.nterest the growth' of the extraneous solutions 
yields an extremely ill-conditioned set of equations of the boundary 
conditions, and. the va.lue of 6. is meaningless unless some means of 
controlling the growing functions is 'employedo 
One technique which can be used to resolve this problem is 
to divide the shell mer:idian into several segmentsu The governing 
differential equations are integrated over each segment as an initial 
value problem, and a system of simultaneous equati.ons is d.eveloped to 
satisfy cont.inuity requirements at· the ends of the segments 0 This 
technique has been used by Kalnins [18] and Cohen [4Jo Another 
technique for solving this problem, which was developed independently 
by Goldberg, et ale [12] and Zarghamee and Robinson [.33], will be used 
in this investigationu This method, called the suppression method, 
is preferable to the multi=segment method described by Kalnins and 'by 
Cohen because only half as many parti.al so.luticns are required. 0 
In the suppressi.on method the extraneous functions are 
suppressed so that the resulting partial solutions contain only small 
contributions of these growing solutions 0 This is accompli.shed by 
requiring that four linear combi.nations of the partial solutions 
satisfy four sets of independent conditions with small magnitudes at 
various points along the meridian of the shell 0 These points are called 
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suppression points 0 ,At each suppression poi,nt the linear combination 
of partial solutions become ,the new set of partial solutions at that 
point and all previous i,ncrements along the meridian. The new partial 
solutions are propagated to the next suppression point where they are 
re~uired to satisfy four independent sets of conditions as beforeo The 
G 
process is repeated until the top of the' shell is reached where b is 
computed. 
In order to clarify the suppression procedure) a more·detailed 
explana ti,on is given 0 Let the partial solutions be represented in 
matrix form as 
(l~ 
w' ) 
n,xxx 
(1) w ,. 
n,xx 
W 
(1) 
n)x 
.(1) W' 
n 
D = (1) 
u 
nJx 
u:( 1 ) 
n 
(1) V' 
n,x 
I (1) 
LV~ 
1 
W(2) 
n,xxx 
( 4) 
w 
n)xxx 
J 
Furthermore, let D: be the matrix of partial solutions' D at suppression 
J 
poirit j after a total of i suppressions have been made. The,value j = 0 
is used to denote the base of the shell. 
,The eCluations are. integrated numerically from the base to 
a point where the extraneous solutions become so large that it is 
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necessary to suppress them. The first point at which this occurs is 
specified by j = 10 The extraneous solutions are suppressed by requiring 
that the four partial solutions satisfy four sets of independent con-
diti.onso The magnitudes of the conditions must be small compared to 
t.he values of the unsuppressed partial solutions at the suppression 
pointo 
Although other conditions can be used) let the suppression 
conditions be placed on the quantities w ) w J u ) and v 0 
n)xxx n,xx n)x n)x 
If partial solutions are combined :linearly, equations of the following 
type can be obtained at suppression point i~ 
"'l l r (1) (4) l rb11l 1,A1 iN n,xxx nJxxx n,xxx (1) b21 w w . n,xx n.9 xx 
= (1) (3014) 
u u' b31 n)x n)x 
LVnJx v(l) b 41 
.i 
n,x 
i-
In matrix form) .Eq,o (3014) may be written as Q. = M.Bl'lo The 
l l. 
matrix Mi th is called the suppression matrix for the i. suppression. 
The elements of B., '1 are coefficients to be determined 0 
...L . .L 
Let one set of the independent conditions on the partial 
solutions be 
~gllo ~ 1 
Qi = MiBll {~ \..Tll l 0 (3015) 0 
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Hence, 
0 
g22 = 1 G13 Glr"\ . :c:: 
0 
0 
0 
0 
g33 = 
0 
1 
o 
o 
o 
g44 := 1 
(3.17) 
so that the coefficients for each of these conditions are respectively, 
b121 b13 b14 
b23 b 24 b 22 
B12 
b32 
B13 b33 
B14 b34 
b 42 b 43 b44 
All of the independent conditions can therefore be written more 
compactly as 
so that 
where 
M.B. 
l l 
G. 
l 
B. =M~l G. 
l l l 
(3018) 
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B. ~n B12 B13 B1Ji l 
@n G1Ji (3.21) G. G12 G13 l 
As before) the subscri.pt i indicates the number of suppressions. 
After B. 'i.s determined) four new sets of independent partial 
I, 
solutions are obtained by four independent linear combinations of the 
previous partial solutions. Hence, between j= 0 and j = 1 the nE'W 
partial solutions are 
D 
new 
and 
Dprevious Bl 
o 
DO B1 
The significance of these equations is that if D~ were used for the 
initial cond:i.tlons) then at.j :=: 1 the resulting partial solutions 
would sati.sfy the sets of conditions which were imposed at the first 
suppresslon point. 
When the In:i.tial conditions and s'i1.ppression pOi?ts have been 
corrected) the equati.ons are integrated from the last suppression point 
. untll another suppression of the extraneous solutions i.s required. The 
11 ini tial'7 condi.tions for this integration are the elements of the 
D matri.x at the last suppression poi.nt. 
It i.s often usefu.l to conserve computer storage in this 
process. To this end, the partial solutions are retained only at the 
initiB:l point and each suppression poi.nt. When an eigenvalue of the 
problem is found" the correct initial condj.tion and correct values of 
the displacement functions at each suppression point can be determined. 
The equations are then re-lntegrated from 'suppresslon point to 
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suppress ion poi.nt 0 In this case) however" only one solution is carried 
since the correct initia.l conditions and values of the displacement 
functions at the suppression points are known 0 Therefore) at the cost 
of a very slight increase in the amount of computation performed 
(often about 5%)) most of the storage required can be eliminated 
(usually about 80%)0 
The series of corrections at the initial and suppression 
points is as follows: 
lo The ini ti.al conditions are D~o 
2. At the first suppression point (i=l) j=l)., Bl is found 
-1 from Bl = Ml Glo The corrected values are 
1 
DO 
0 
DOBl 
1 DOB Dl' 1 1 
-1 At the second suppression poi.nt B2 = M2 G2; hence) 
2 1 0 D DOB2 DOBIB2 0 
D2 1 D~BlB2 1 DlB2 
D2 DIB 
0 o 0 
c:.... c:.... c-
40 At the :mth suppression point B M- l thus) =.1. G; m m m 
rP 0 0 DOBlB2° o.Bm 
m 
Dl 
0 
DIBIB2 coo Bm 
Dm 1 2 D2B2B3° 0 oBm (3022) 
m 
D3 
2 
D3B3B4° 0 0 Bm 
Dm Dm-lB 
m m m 
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50 Yf-hen the top boundary of the shell is reached) the partial 
solutions are combined to determine if the homogeneous 
boundary conditions are satisfied (see Eqo 303)0 Assume 
that an eigenvalue is obtained and that the constants of 
i.ntegration are 
C 
One of the constants is arbitrary 0 The correot initial 
and suppression point conditions are then 
w 
n)xxx 
w 
n,xx 
w 
n 
u 
n,x 
u 
n 
D~C 
J 
'where k is the maxi..rnum number of suppression points 0 
3.5. Continuity of Frequency Parameter 
The value of 6 is not only dependent on p, but also on the 
initial conditions 0 If no suppression were required) p would always 
be continuous since the assumed initial conditions are the same for all 
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values of po This is not the case with the Holzer method when sup-
pression of extraneous solutions is required) however) because the 
initial conditi.ons are changed after each suppression. After the last 
suppression is made) the corrected values of the initial conditions may 
differ considerably for various assumed values of p thus causing 
discontinuities. 
These discontinuities can be eliminated by scaling each 
partial solution independently after each suppression so that the 
corrected initial conditions are of the same order of magnitude as the 
original set. th After the m suppression has been made) the initial 
conditions from Eqo (3022) are 
The matrix ~ is scaled by requiring that) after suppression) the 
quantiti.es w(l) -' w(2) , u (3), v(4) at the base be of the same order 
n,xxx n,xx n,x n)x 
as the original values. A scaling matrix is defined by 
F 
m 
1-(1) T,rl 
n....zxxx 
(1) 
w' 
. n,xxx 
0 
o 
o 
0 
~(2) 
w 
w 
n"xx 
(2) 
. n"xx 
o 
o 
1 
0 0 
0 0 
~(3) 
u 
n,x 
:m 0 
. n,x 
-(4) 
0 v N (4 v 
n)x 
(3.24) 
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where the bar indicates the original assumed values of the derivatives 
at the base and the subscript of F refers to the mth suppression. The 
partial solutions are then scaled at each suppression point so that) 
th 
after the m suppression) the scaled matrix ~ is 
J 
m-l D. B F J m m j 
The equations are integrated from i = m to the next suppres-
sion point as previously described) but in the present case the scaled 
matrix Dm gives the l1initial ll conditions. 
ill 
An alternate method can also be used to ensure that p is 
continuous. Assume that the determinant of the suppression matrix is 
positive at some suppression point j and negative at j+l. Then at some 
position x = b between these two points) the determinant of the sup-
pression matrix equals zero. This point corresponds to the length of 
a shell with the top boundary conditions w (b) - W (b)-
n)xxx n)xx 
u (b) = v (b) = 0 for which p is an eigenvalue. Suppose that a 
n)x n)x 
suppression point occurs at x = b. Then M, i.s singular at this point. 
l 
Suppression conditions on the quantities w ) W u) and v 
n)xxx n,xx' n,x n)x 
cannot be used because this implies infinite values for the initial 
conditions. Even if the suppression point is chosen so that M, is not 
l 
singular, the fact that such a point does exist somewhere along the 
shell causes a discontinuity. 
The problem is easily remedied by requiring that the 
determinant of M. be always positive 0 This can be accomplished by 
l 
changing the sign of the elements in one of the rows of M. before 
l 
inverting it if the determinant of the original matrix is negative 0 
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If the matrix is singular) the solutions must be suppressed at a dif-
ferent location. 
There is one additional source of discontinuity in the 6 vs,p 
curve that is inherent i.n the suppression technique 0 Since the cri-
terion for suppression is that certain derivatives exceed a specified 
value) the locations along the shell ~here the solutions are suppressed 
may vary 0 In particular) the distance from the last suppression point 
to the top boundary may not remain constant for various assumed values 
of po As a result) the displacement functions and their derivatives 
at the boundary will not be continuous functions of po This is 
rectified by always req:uiring the last suppression point to be fixed 
distance from the top boundaryo 
48 
4. ASr"MPrOTIC INTEGRA.TION OF THE EQuATIONS OF FREE VIBRATIONS 
401. Introduction 
An asymptotic method for determining the mode shapes and 
natural frequencies of shallow shells with a rectangular planform has 
been studied by Bolotin [2Ja However) the scheme applies to shallow 
shells for which the coefficients i.n the differential equations are 
assumed to be constanta The work of Bolotin is therefore not applicable 
to steep shells 0 Zarghamee and Ro'binson [33] have extended 
Gol'denveizer's asymptotic integration method [14J to include the 
dynam1.cs of shells in the study of free vibrations of steep spherical 
shel.ls a In the present invest1.gation) the asymptot1.c method developed 
by ZarghBmee and Robinson is extended to determine the natural fre-
quencies and mode sha.pes of a general shell of revolution a Although 
the method is appl1.cable to shells w:i.th arbi traryhomogeneous boundary 
condi tions) . the dis cuss ion is restricted to the bOl1.ndary conditions 
An asymptotic soluti.on of the equations of motion 1.s obtained 
for the internal region of the shell by expressing the frequency 
parameter and displacements as asymptotic ser1.es in the form 
~ <P,. L ~ where k is a large number related to the shell thickness and 
. 0 k ~= 
some character1.stic di.rnension of the middle surface 0 'When the 
asymptot1.c series are substituted 1.nto the differential equations of 
free v1.brations (Seco 301)) each differential equation has the form 
~ B1. 
L k i . 
i=O 
Systems of recurrent differential equations for the internal 
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region are obtained) therefore) by setting the coefficient of each 
power of 11k equal to zeroo The equations corresponding to the first 
term in the series are the membrane equations for a freely vibrating 
shell 0 
Since each system of recurrent equations is of lower order 
than the equations of free vibrations., the solutions of these equations 
cannot satisfy all of the boundary condi.ti.ons 0 As the first system of 
equations suggests) only the membrane boundary conditions can be 
satisfied by solutions of these systems of equations 0 For each power 
of 11k) edge corrections are applied to the solutions for the internal 
region in order to satisfy the non-membrane boundary cond:Ltionso It 
is assumed that the effects of edge dlsturbances on a freely vibrating 
shell are rapidly attenuated simi.lar to the simple edge effect on a 
statically loaded shell; hence) the edge disturbances are to 'be of the 
boundary-layer typen In the case of a vibrating shell, the result of 
these edge corrections :is called the dynamic edge effect 0 
The equations of the dynamic edge effect are determined by 
expressing the frequency parameter and displacement functions as 
asymptoti.c seri.es i.n terms of 11k" The ser:les for the frequency 
parameter is the same as in the internal regiono Unli.ke the series i.n 
the internal region,9 however) three parameters called indi,ces of 
intensity are needed in the expansions for the displacement functions 
to obtain solutions of the boundary-layer type 0 When the series for 
the frequency parameter and displacements are substituted into the 
equations of free vibrations) systems of recurrent differenti,al eCluations 
are obtained in the same manner as for the internal regiono One of the 
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conditions used to determine the values of the indices of intensity is 
that these recurrent equations must yield perturbation solutions of the 
boundary-layer type 0 
The equations of the dynamic edge effect and the equations 
for the internal regi.on of the she.ll are derived in this chapter 0 The 
procedure for determining the natural frequencies and modes shapes by 
the asymptotic method is also outlinedo Some example problems are 
solved in Chapter 5 where they are compared with solutions obtained by 
the Holzer methodo 
It should be mentioned that the asymptotic method presented 
here is applicable only when the membrane frequencies are less than 
some critica.l frequency (Secti.ons40202 and 405)0 In theory an infinite 
number of membrane frequenci.es are expected to exist which are less 
than this critical frequency 0 Kalnins f19J has shown for the sphere 
that this set of mod.es is a degenerate set of bending modes and that 
another infinite set of modes exists above the critical frequency which 
are not affected significantly by the introduction of bending 0 It is 
expected that a set of modes above the critical frequency exists for 
other shells as well 0 In this case" the Holzer method described i.n 
Chapter 3 should yield satisfactory results with little or no sup-
pression of extraneous solutions required 0 
4020 Dynamic 'EdgeEffect 
The differential equations of free vibrations can be written 
in the form 
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Ar 0 + p-u £2 n 
Ar 0 + p-v 12 n 
Ar 0 + p-w 
12 n 
* h where h - -- . T1 is some characteri.stic dimens ion of the middle 
- ,J 12T1 J 
surfa ce ~ L.. and N. . are differential opera tors 0 The terms that are 
, lJ lJ 
multiplied by h*2 i.n E~s 0 (401) are the result of bendingo 
Perturbation solutions of EClso (401) are assumed in the 
form 
u (cp) 
n 
M 
u .(cp) M v ,(cp) 
k\X I nl vn(cp) kt3 I nl ki ki i=O i=O 
M 
w . (cp) N 
kY I nl' I Pi (402) ki p ki i=O i=O w (cp) n 
where cp = k(x-xO); Xo is the value of x at the boundary under con-
. *-c , 
s idera t ion; k = h . .; c > 0 and lS called the index of variation; 
a) t3) yare indices of intensity 0 Furthermore, it is assumed that 
u
nO -' v nO) and wnO are not identically zero except for the axisymmetric 
case where v 00 = 00 
When the solutions are of this form) they have the useful 
property that u
ni ) vrii J wni and derivatives of these functions with 
respect to cp are of the same order of magnitude 0 rrhe followi.ng 
relation among the differential operators should be noted~ 
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It is des ired to obtain perturbation s oluti.ons of EClS 0 (401) 
which are of the boundary-layer type since it is expected that edge 
disturbances will decay rapidly near the edge 0 Wilen determining the 
values of the indices of i.ntensi ty and index of variation for such a 
solution to exist, it is necessary to expand the variable coefficients 
of EClso (401) in terms of ~o This is accomplished by use of the Taylor 
series. Hence, any coefficient f in the differential eCluations can be 
written as 
2 
f(x) f(XO) + ~k f"x(XO) + ~ f (x) + 0 0 0 
.. 2~k2 ,xx' O· 
The variable coefficients expanded by EClo (404) and the 
expressions for the freCluency parameter and displacements from 
EClSo (402) are substitutedi:nto EClso (401) to give three differential 
M 
\' B. 
equations in tne form ~ k~ = 0. 
i=O 
Therefore) a set of three eCluations 
is obtained corresponding to each value of i which are the eCluations 
of the dynamic edge effect u Before these systems of eCluations can 'be 
formulated, however, it is necessary to determine the index of varia-
tion and the indices of intensi.ty 0 
402010 Values of Indices of Intensity and Index of Variation 0 
In order to determine the indices of intensity and index of variation, 
consider the system of eCluations of the dynamic edge effect with the 
highest power of l/ko 
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r cx+2 Ii +- (l+v) k~+l! (r Vr ')kY+lw 1 A k unO' .2 n v nO - r 1 + r 2 nO 
o 
(I-V) r t3+2 If 
2 A k vnO 
( 1 +y ) kCX+ 1 1 ( 1 Y) Y 2 n unO + - + - Ank w 
'r2 r l nO 
o 
o 
where ( )' = ~ and the coefficients are the values of the functions dcp 
at xOo It is required that the resulting equations: of the dynamic edge 
effect be of the boundary-layer type and that cx) ~) Y be "non-
contradictory o!i :I'he indices of intensity are non-contradictory if) 
after dropping secondary terms) no variahle vanishes from the system 
of equations and no equation becomes an identity. Secondary terms are 
those terms in an equation that have a coefficient k with a smaller 
exponent. 
Let it be assumed that c = 1/20 The largest coefficient of 
any v
nO term) or derivatives of vnO ) occurs in Eq. (406) where the 
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exponent of k is ~ + 2. ~~is term cannot be secondary or v
nO would 
vanish from the systemo For v
nO to be of the boundary-layer type) 
~ + 2 must equal Y + land/or Y in Eq.o (406)0 Consequently" the v
nO 
term in Eq 0 (40 5) is secondary which means that ex + 1 := I 0 Hence) 
ex + 1 = ~ + 2 = Y when c = 1/20 One of the indices of intensity is 
arbitrary since Eqso (401) are homogeneous 0 Each of the solutions can 
be multiplied by a common factoro 
If c 1= 1/2., the solutions of the system of equations are not 
of the boundary-layer type 0 This can be verified by determining the 
non-contradictory values of ex, ~, y for the various values of c and 
examining the solutions of the resulting equationso 
402020 Equations of the Dynamic Edge Effecto With the index 
of variation and indices of intensity known, a system of equations can 
be determined corresponding to each power of l/ko The first two systems 
of equations are 
(l-V) 
'2 
r II 
- -v- -A 'nO 
(l+V)! ('A- + vA-)w 2 nunO + n r r nO 2 1 
o 
o 
- cp ~ (~ u A fr) " 
r A JX nO 
A r rrl r 
- ~ (f) x UnO (- ,x . ~ ,x) -~-j- + -~W 0 r r 2 r 2 n 1 r l , 
(4. Sa) 
(409a) 
(I-V) r II 
2 A v nl 
(I+V) ? 
2 nUnl + n 
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;A A ) I'~r + V ~r wnl 2 1 
= _ {(I-V) (E.) v" 
cp 2 A)x nO 
+ n (A + V~) W} (l,-v) (E.) VI + C3-v) r 2 r 1 ) x nO - ~2- 'A ) x nO 2 nr ~u r nO 
(AX + 2vAr + Ar) w (Ax) ,x } 
2 r
l
r
2 
2 x nO - Po n2 wnO r r ) , ,(. 
1 2 
2( r ) iv 2( r ) ii, ~ ~3 wnO - 2~ ~3 W 0 A )x A )x n 
+ 
In Eqso (408) and (409) the coeffici.ents of the derivatives are evaluated 
at x = Xo and are constants 0 
The term u~i is determined by i,ntegrating the first equation 
of each seto It is then eliminated from the last equation of each 
system to give an equation for W 0 in the form 
nl 
iv )-1.,4 
W 0 'T .f\' W , 
nl n:l 
where g. (cp) cons ists of functions determined from the preee ding 
l 
systems of equations (gO(cp) = 0)) and 
A, A 
= .J 2fj 
u (x) 
n' , 
Vn(X) 
M - ( \ 
I U 0 X) nl - i 
· 0 k l= 
IM V . (x) nl, ' i 
· 0 k l= 
IM w ,(X) , ) nl w (x = '.' n' l 
· 0 k l= 
57 
When Eqs 0 (4013) are substituted j,nto Eqs 0 (401)., the following 
recurrent systems of equations are obta:iJned~ 
o 
Lll (li 1) L12 (vn1 ) + L13 (wn1 ) 
Ar - Ar -
+ + Po -;:;- u 1 -
-PI £2 unO " n ;.C n, 
L2l (unl ) + L22 (vnl ) L2j (Wnl ) Ar - Ar -+ + Po ~v I = -Pl ? vno f,- n 
L31 (Unl ) + L32 (v " ) L33 (wnl ) 
Ar - Ar -
+ + P -w 
-PI; wnO n.J.. 0;.2 nl 
(4015) 
prfr _ 
+--w 
£2 n2 
------ --------_. __ .... _ .. _-_. __ ._._-----_.- ._-------_._-_._.-
Bending terms N .. will eventually appear in the fifth set of lJ 
e~uationso The functions on the right-hand side of the e~uations for 
the internal region are known from the solutions of the preceding .. 
systems of e~uationso 
The w . term can be elLminated from each system of e~uations 
nl 
whi.ch results i.n two second order e~uations in terms of u . and v .0 
nl nl 
These equations must be solved nQmerically because of the complexity 
of the variable coefficients 0 
4040 Determi.nation of Modes and Natural Frequencies 
Each system of equations for the internal region is of the 
fourth order; therefore, only four of the eight boundary conditions can 
be satisfied by solutions of these equations 0 In particular) the 
solutions in the internal region satisfy only those boundary conditions 
that are sati.sfied by membrane theory. of shells 0 In the present case) 
these boundary conditions are u (x ) = v (~ ) = N (xt ) = N e(xt. ) = 00 n b n b x . X 
The condition N e(xt ) = 0 can be used in place of the exact boundar~y­x M 
o 0 S ... xe O· h condltlon = N e - ~- = because the s_ ell is thin 0 
x r 2 
The remaining boundary condi.tions are satisfied by applying 
edge corrections to the internal region solutions 0 The first set of 
edge corrections causes disturbances in the membrane boundary conditions 
that must be corrected by the second set of equations for the internal 
regiono However) the solutions of the second internal region 
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e~uations do not satisfy the non-membrane boundary conditions and 
another edge correction is appliedo This recurrent procedure of making 
corrections to satisfy the boundary conditions is continued until a 
sufficiently accurate solution of the e~uations of motion is obtained. 
The complete solution to E~so (401) is the sum of the 
solutions for the internal region and the solutions for the dynamic 
edge effect. Since one of the indices of variation is arbitrary) let 
I := 0, Hence) 
p 
u (x) 
n 
v (x') 
n' 
w (x) 
.n 
M U 0 (x) I nl' 
i=O 
M 
I v 0 (x) nl 
i=O 
M 
wni(x) I 
i=O 
where in the region near the 
near the base cp _. k{x-x ). 
- b 
-1 
ni (cp) + k u 
k i 
+ k- 2v ni. (cp) 
k i 
w . (cp) + nl 
ki 
top boundary cp k(x-xt ) 
The boundary conditions at the base are 
- - 1,__ '\ 
u
nl + unO 
! 
u
n2 + unl 
Un\~) == ti·nO + k T k2 
+ 
-1 -1 
vn1 + k v nO vn2 + k vn1 vn(~) vna + k + k2 
(4.17) 
and in the region 
(\ 
v 
+ 0 a 
(4018) 
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w + w_n_l_·_t_w_n_l + wn2 + wn2 + 
"nO k k2 o 
W + kw
n
i
2 n2,x 
--"'----- + 
k2 
o 
At the top boundary let the stress resultants from the 
solutions of the internal region be N ., N B' ., M . .) and V. 0 
Xi lX" l X, l l 
Similarly, let N '.) N B .) M '., and V. be the corresponding stress 
x, l x l XI l l 
resultants from the edge corrections. 
For example, 
I-u N :::: ~ . nO)x 
x 0 l_y2 l A 
and. 
-'--.- '--'---~;'-'-"--'-"---}"'--' 
1 V . yn -2 x -1 (~ +- ~)w + -.- k v + ~-)- k u 
'rl r 2 nO r nOAr nO 
". 
The boundary conditions at the top are 
N 
'l + kN 0 N + kNxl N =N x,' x x 2 0 0 + k + " 2 +. 0 x x k 
N xB 1 + kN xB 0 N xB 2 + l<.N xB 1 N
xB = N xB 0 + k + k2 
+ 0 
(4020) 
Iii 1 + M 1 M 2 +M 2 M =Mx 0 
x x x x 0 +M + k + k2 
+ 
x X 0 
Vl + Vl V + V2 
V YO+ Vo 2 0 + k + k2 
+ = 
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The procedure for determining the mode shapes and natural 
frequencies is as follows ~ 
10 Solve Eqso (4.14) for unO' vnO ' wnO and PO by the Holzer 
method. The boundary conditions at x = xt are unO = vnO 
N
x 
0 = Nxe 0 = 00 In this case no suppression is necessary 
because rapidly growing functions are not present in the 
solution 0 Since the system of equations is of the fourth 
order and two boundary conditions are known at each end y 
only two partial solutions are needed. 
2. The solutions from step 1 will not satisfy the remaining 
boundary conditions; the first system of dynamic edge 
corrections, Eqso (4.8), are applied independently at the 
top and at the bas eo The ar'bi trary constants are 
evaluated from the conditions 
w 
nO + w nO = 0 
w 
nOJx + kw~O 0 at the base, 
and 
M 0 + M 0 = 0 x x 
Vo + V 0 = 0 at the tOPe 
30 Ihe membrane boundary conditions are no longer satisfied 
after the first edge correctiono An internal correction 
is applied to satisfY the conditions 
o 
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at the base from Eq. (4.l8L and 
N + kN = 0 
xl xO 
N e' + kN e 0 = 0 x 1 x 
at the top fromEqo (4.20). The functions u
ni ' vni " 
w 0 and the first correction to the frequency parameter 
nl 
Pl are determined from the second system of equations 
for the internal region, Eqs. (4~15). 
It can be shown that any two partial solutions 
correspondi.ng to the homogeneous case differ only by a 
multiple of the membran$ eigenfunctions (see Sec. 4.5). 
The membrane eigenfunctions satisfY the system of dif-
. ferential equa ti.ons [Eqs. (4015) J and. the homogeneous 
bound.ary conditions; therefore, only one partial solution 
needs to be carried for the homogeneous case. This 
partial solution can be obtained by letting Pl = 0 and 
integrating Eqso (4015) from the base with the initial 
conditions ~(~) = ~(l) = ;(1) = 0 -(1) - 1 
nl nl nl,x ,unlyx - 0 
Two partial solutions are needed to form the 
particular solution of Eqs 0 (4.15) 0 • The first partial 
solution is obtained by setting Pl o and integrating 
Eqso (4015) from the base with the initial conditions 
-(2) = -u v~(2) vnO 1).(2) = ~(2:) = O. To obtal'n 
unl nO' nl = '-" k nl}x nl,x 
the other partial solution, let PI = 1 and integrate 
Eqs. (4.15) with the initial conditions li(3) = v(3) = 
. . nl nl 
~(3) v(3) = O. 
nl,x nl,x 
The complete solution of the second system'of 
equations for the internal region, to within an incon-
sequential multiple of the membrane eigenfunctions) is 
formed by combining the homogeneous and partial particular 
solutions 0 For example) the transverse motion is 
-(1) -(2) ~(3) ow . , + w' . + p W \ 
1 1 0 1 
where 0 and Pl are constants to be determinedo Therefore, 
from Eq 0 (4020)., at the top it is required that 
Nxe '1 
from which the constant 0 and the first correction to the 
frequency parameter Pl are obtained 0 
40 . After the second solution in the internal region is 
carried out, only the membrane boundary conditions are 
satisfiedo A second dynamic edge correction is applied 
to correct the other boundary conditions similar to 
step 2, but this edge correction disturbs the membrane 
boundary conditions 0 
The process of correcting for the boundary conditions 
is continued until enough terms in the asymptotic series 
are found to give a suffi.ciently accurate solution of the 
equations of free vibration 0 In the present investigation, 
two edge corrections and two internal corrections are 
usedo 
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4.5. Discussion 
An asymptotic method has been developed to study the free 
vibrations of a shell of revolution with an arbitrary contour 0 The 
results for a cylinder and hyperboloid are presented in Chapter 5 where 
it is shown that this method gives accurate results for the lower modes 
when n is not large (n < 3). 
In the case of a spherical shell, Zarghamee and Robinson [331 
have proven that, for the homogeneous case, the partial solutions of 
the equations for the internal corrections differ only by an incon-
sequential addition of the eigenfunctions determined from the membrane 
equations 0 It was,also shown that the corrections to the membrane 
frequency parameter are unique. The same arguments hold for a general 
shell of revolution 0 
As has been noted in Seco 403, the asymptotic method is valid 
PO l_v2 
-- < ---- where r 2 is evaluated at the boundary. It will now £2 2 r 2 
only if 
be shown that an infinite number of eigenvalues Po are expected to 
exist which satisfy this inequality 0 
Consider the axisymmetrical extensional vibration of a shell 
of revolution 0 
Po 
:2) f 0, the governing differential 
£ 
equations can be reduced to a single second order equation in terms of 
the tangential displacement unO as 
du ~x (K' ~o) - G unO o (4.22) 
where 
r K=p: 
1.1 . 2v .1 \-+ -~..j... ~ 
2 
r 
2 r
1
r 2 ' 2 r l r 2 
G = Ar (_V_ + ' x 
r.1r 2 (Ar)2 
The boundary conditions are 
'.~. 
Po 
-) 2-
P. .1 
In the case of a cylinder or sphere it is easy to show that 
Eqso (4022) and (4025) constitute a system for which Sturm's oscilla-
tion theorems are applicable (see Ince [17])0 According to Sturm's 
first oscillation theorem, for a sphere or cylinder with r 2 = a J the 
2 £2 (l-v ) 2") system has an infinite number of real eigenvalues in (0, 
a 2 £2 
that have no limit point but (l-v ) ~ . It is difficult to determine 
a 
if· the conditions of the oscillation theorems are satisfied for the 
hyperboloid.; however) it is expected that an infinite number of 
p 2 
eigenva.lues do exist for which' 02 < (l-V ) 2 IDln 
P, r 2 
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As seen by EClo (4023), the coefficient of the highest deriva-
p 2 
-I- • • h . f 0 (l-v ') 
vlve vanlS es l 72 '---2- min° 
£ r 2 
This occurs for all of the other 
circumferential wave numbers as welloWhen the Holzer method was used 
to determine the extensional freCluencies for a cylinder) cone) or 
hyperboloid) it was found that a number of freCluencies could be found 
p 2 
for which -2. < {l-V ) 2 \ 2 min° £ r
2 
- . 
p 2 ~ -4 (l-V ) However) as £2 ~ 2 min' the freCluencies 
r 2 
could not be separatedo 
5. RESULTS OF ANALYSIS OF FREE VIBRATION 
5.10 Introduction 
1'he results of the asymptotic and Holzer methods for solving 
the free vibration problem are presented in this chapter. The solutions 
that are obtained by these methods are verified by comparing natural 
frequencies and mode shapes of cones and cylinders with analytical 
and experimental results available in the literature. The natural 
frequencies determined by the Holzer method are also compared with 
experimental results for the hyperboloid although it is difficult to 
interpret the actual boundary condi.tions in the experimental investiga-
ti.on 0 Finally, the natural frequencies and mode shapes of a typical 
hyperboloidal shell used as a cooling tower are discussedo 
5020 Comparison of Asymptotic and Holzer Methods 
The free vibration problem is solved for a cylinder and a 
hyperboloid by the asymptotic and Holzer methods 80 that the results of 
these methods can be compared. In all solutions by the asymptotic 
method, two internal corrections and two edge corrections are usedo 
The fundamental frequency parameters for a cylinder, as 
computed by the asymptot:ic and Holzer methods, are compared in CJ:1able 1. 
It is seen that there is excellent agreement between the two methods 
provided n is not large (n< 3). The mode shapes also agree favorably 
for small values of n. It is shown inSeco 504.1 that the results of 
the Holzer method rather than the asymptotic method are correct when 
n is large. 
68 
The frequency parameters for the first two modes of a hyper-
boloi.d as well as the shell dimensions are given in Table 2. There is 
excellent agreement between the asymptotic and Holzer methods at the 
lower harmonics) but the results of the two methods deviate as the 
number of circQmferential waves increases 0 The mode shapes of the two 
methods also are in good agreement when n is small. 
The magnitudes of the corrections to the membrane frequency 
parameters are also of interest. For the symmetrically vibrating 
cylinder the asymptotic expansion of the frequency parameter is 
p 
where k = 4r- . ,1/2 "i 12 (a/h) 0 The second and third terms provide a 
significant correction to the membrane frequency parametero 
The asymptot i.c expans ion of the frequency parameter for the 
symmetrically vibrating hyperboloid is 
00004977 
k2 + 0 0 0 
where k is computed as for the cylinder 0 . The corrections of the 
membrane frequency parameter are negligible in this caseo Even when 
n > 0) the corrections are still found to be very small for the hyper-
boloido Consequently) the membrane equations for the hyperboloid yield 
very good approxLmations of the natural frequencies when n is not large 0 
HO'wever) the mode shapes as determi.ned from the membrane equations do 
not agree exactly with those obtained from the bending equations 
because all of the boundary conditions are not satisfiedo 
503. Difficulties of the Asymptotic Method 
In order for the asymptotic method to be valid" it is 
p 2 
th t S < (l-V \ necessary __ a 2 \ 2) 0 where r 2 is eVEl.luated at the boundary. £ mln r 2 
It was shown in Sec. 4.5 that an infinite number of membrane frequency 
parameters PO are expected to exist which satisfy this inequality. As 
a practical matter" however, only a few of the lower membrane modes 
could be determined by using the Holzer method in the case of a cone" 
cylinder) or hyperboloi.d. In fact" for the symrnetricallyvibrating 
hyperboloid) only one membrane mode could be founde The reason that 
more modes could not be determined is that the 
for the higher modes are very nearly equal and 
frequency parameters 
Po l-v2 2" R:I (-2-)min· As 
1 r 2 Po 1- 2 
--2 ~ (~). 0 ,the coefficient of one of the highest derivatives in 
1 - mln r 2 
the system of membrane equations vanishes which causes numerical 
difficulties. A plot of the determinant vs. Po for a hyperboloid is 
shown in Fig. 6. 
As discussed in Sece 5.2" the asymptotic method does not 
agree with the Holzer method at the higher harmonics 0 Two internal 
corrections and two edge corrections were computed in the asymptotic 
method) and the second correction of the membrane frequency parameter 
was always small compared to the first one .. Nevertheless) .the dis-
crepancy between the two methods for the higher harmonics could be 
caused by an insufficient number of terms in the asymptotic serieso 
No additional edge corrections are considered" however" because the 
solutions of the edge correction equations become extremely complicated 
for a general shell of revolution. 
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5040 Free Vibration of Cylindrical) Conical) and HYperboloidal Shells 
The results of the Holzer and asymptotic methods agree for 
small values of no Because of the difficulties in the asymptotic 
method discussed in the previous section) however) the Holzer method is 
used for the remainder of the investigation 0 The validity of this 
method is confi.rrned by the results of several· sample problems 0 
504010 Cylinder a The natural frequencies for the first 
three modes of the clamped-free cylinder discussed in Seco 502 are 
shown in Fig. 70 The shell dimens ions and rna teri.al properties are also 
given in the figure 0 It is seen that the results of the Holzer method 
agree with the theory and test results of Weingarten [29]0 Weingarten's 
theoretical results are based on Donnell1s equations which are not 
valid when n is small a Therefore frequencies in the lower range were 
not presented in Refo [29Jo 
When n 2 and 3) the e,xperimental frequencies are lower than 
those predicted by theory 0 Wei.ngarten concluded that this discrepancy 
is caused by i.rnperfect clamping of the shell 0 .A similar anomaly was 
observed in a freely vibrating cone by Platus [25]) where it was shown 
that insufficient clamping was indeed the cause of the discrepancy. 
5.4020 Coneo The natural frequencies of a cone that is 
clamped at the small radius and free at the large radius are given in 
Figo 80 The general shape of the curve of frequency vSo circumferential 
wave number is sLrnilar to that of the cylinder 0 It is seen that. the 
results of the Holzer method are substantiated by the experimental 
results of Weingarten [28J. 
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The natural frequencies of a very short) shallow cone with 
the small radius clamped and the large radi,us free are compared with 
the results of Goldberg and Bogdanoff [llJ in Table 30 The motion of 
the shell is axi.ally symmetric 0 Goldberg and Bogdanoff us ed the Holzer 
techniqu.e but did not require any suppress ion of extraneous soluti.ons 
for such a short shell. Although suppression is not necessary to 
obtain a soluti.on, five suppressions are used in the present investiga-
tiono The excellent agreement with the results of the reference 
serves as a check on the suppression P!ocedureo The mode shapes also 
&gree with the reference 0 
.50403. Hyperboloid 0 A model study was conducted by Neal [23J 
to determine natural frequencies of a hyperbolic cooling tower 0 The 
_._._-_ .... __ ... _ ...__ ... _ ..... _ ........ __ ... _ .. ·-·medfr.l-w-as-suJ?peFteEl-0B.-~8r~f-fi@.-iF-s·-8~-e·GJ:u@..J..-l-y--Sfi@.-CgQ--s·t.gg...l-s.:t;F-i-::pB--t.D--- ._-_ ..... _.-
simulate the columns of a typi.cal structure 0 No attempt was made to 
account for the thick ring beam at the base of the prototype) the 
presence of which considerably increases the stiffness at the baseo 
The results of the Holzer method are compared with the 
experimental results in Table 40 Two types of base supports are 
consideredo In the first case} the shell 1.s completely clamped at the 
base so that u - v - w = w _. 0 at x - ~o In the other case) n n n n)x 
the boundary cond.itions at the base are N _. v w = w 00 It x n n n)x 
is evident from Tg,'ble 4 that the cond.itions on u and Nat the base 
n x 
have a large effect on the natural frequency 0 
The actual boundary- conditions of the model are unknown) but 
it is apparent that the base was somewhat less than completely clampt:;d. 
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However" the base of ~n actual structure is essentially fixed because 
of the ring beamo 
505. Natural Frequenci,es of the Hyperboloid 
Tb.e general characteristics of the natural frequencies are 
investigated 'by considering a hyperboloid with the dimensions a = 100811 , 
b == 2516 11 J 2. :=; 1008" J xb = -1 0070" and xt = 002870 IJ:lhis geometry is 
typical for a hyperboloid that is used as a cooling tower. 
The frequency parameters of the first three modes of a 5-inch 
and 7-inch thick shell are given in ,Tables 5 and 6 respectively 0 In 
both cases V =: 00150 A comparison of the frequency parameters reveals 
that the shell thickness has little effect for small values of n" but 
i.t 'becomes increasingly si.gnificant for larger circumferential 'wave 
num.bers 0 This is in agreement with the results of the asymptotic 
method presented in Seco 502 where it was found that membrane theory 
yields a good approximation of the natural frequency provided n is small 0 
The frequency parameter as determined from membrane theory is not 
dependent on the shell thicknesso 
For the cases considered the mi.nimum frequency parameter 
occurs when n ::::: 50 As the number of ci.rcumferential waves increases" 
the frequency decreases until a minimum is reached" and then it 
increases 0 The cone and cylinder behave similarlyo Gol'denveizer [14J 
has shown that this phenomenon is possible for shells of nonpositive 
curvature 0 
The effect of Poissonrs ratio on the frequency parameter 
for the hyperboloid is shown in Table 7" which refers to a7-inch 
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thick shello It is seen that an increase of Poisson 1 s ratio decreases 
the frequency parameter for all values of n consideredo This effect 
is not large) however 0 
5.60 Mode Shapes of the HYperboloid 
The mode shapes of the sample problem described in Seco 5.5 
are investigated 0 In all cases the shell thickness is 5 inches and 
The first four modes of the axis~metrically vibrating shell 
are shown in Figo 90 The motion of the first mode is predominantly 
axial whi.le the motion in the other modes is practically normal or 
transverse 0 In the second mode the amplitude of the normal displace-
mentis large over a short length near the base and very small else-
where,; a single large peak in the displacement occurs 0 For convenience 
any wave in the transverse displacement in which the amplitude is large 
and the wavelength is short will be called a peako In the higher modes) 
more peaks occur and extend over a larger area of the shell 0 They tend 
to spread to the top of the shell as the mode number increases. This 
tendency is shown for the third an~ fourth modes in Figo 9. 
As shown in Figo 10) the tangential displacements are of the 
same order of magnitude as the normal displacement in the first three 
modes of the skew-symmetric case (n = 1). For the higher modes the 
transverse motion is predominant; large peaks occur initially at the 
base which spread to the top as the mode number increases similar to 
the axially symmetric caseo 
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When n >1" the transverse motion is dominant in all modes 0 
The peaks in the normal displacement that are present in the skew-
symmetri.c and axially symmetric cases still occur" but as the number of 
circumferential waves is larger" the nu..rnber of modes before peaks 
occur also is greater 0 The fundamental mode shapes for n = 2-5 are 
shown in Figo 110 
These peaks that occur in the modes of the hyperboloid have 
not been observed :in other shells studied 0 It will be shown in 
Chapter 7 that they have an important effect on the dynamic responsec 
50'70 Comments on the Numerical Integration 
The nu..rnber of increments and suppressions required in the 
numeri.cal integration of the differential equations obviously depends 
on the shell geometry 0 More suppressi.ons are required for a thin or 
long shello Sirnilarly J the number of steps required is greater for a 
long shell or when the mode shape varies rapidly 0 
In this investigation the solutions are first suppressed 
whenever anyone of the derivatives that must be assQmed at the base 
exceeds ten times its assumed initial valueu Thereafter) the solutions 
are suppressed_ 1AThenever one of these derivatives exceeds ten times its 
value at the previous suppression pointe This suppression criterion 
of growth by a factor of ten was found to be satisfactory after several 
different factors were tried for a hyperboloid 0 For the 5-i.nch hyper-
boloid, the growth factor of ten yields a maximum of 35 suppressions 
required 0 ~'his shell is quite thin with a maximum radius -to-thicknes s 
ratio at the base of 3460 
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In the nu..merical integration of the sample hyperboloid 
problem, a maximu..m of 290 increments were used with the Holzer method 
and 200 increments with the asymptotic method 0 Fewer increments can be 
used for the lower modes where the mode shapes·are smooth, 
508. Sandwic.h Shells 
The analysis has been based on the assumption that the shell 
material is homogeneouso As a first approximation, however, a sandwich 
shell with a weak core and thin facings can be analyzed as a homo-
geneous shell provided the minimum radius-to-thickness ratio is large 
[30Jo If the shell is not thin, the transverse shear deformations must 
be considered and the procedure presented in this report cannot be used 
without modificationo 
Since the core is assumed to be weak, it carries no normal 
stresseso Hence, the extensional 
Efhl 
-- and the flexural stiffness is 
1 2. 
-Vf 
stiffness 
Efhlh; 
4(l-v2 ) f 
of the sandwich shell is 
where Ef = modulus of 
elasticity of the facings, hl /2 = thickness of a facing, h2 = distance 
between the middle surface of the facings, and Vf = Poissonvs ratioo 
If these stiffnesses are set e~ual to the corresponding stiffnesses of 
.Eh 
a homogeneous shell, l.t is found tha t hl = E and h2 
f 
h 
= --. when V = vo ~3 f 
As an example, cons ider a sandwi.ch shell with steel facings 
where hI = 0050", h2 = 20 91!, and E = 30 x 106 ps i 0 Hence.1 h = 51! and 
E = 3 x 106 psio The density of the homogeneous shell used to represent 
3 '1 l 2 4 
the sandwich shell is p = 00736 x 10- x 2' x '5 lb-sec / in . 0 r:(lhe minimum 
fre~uencies of the example hyperboloid (see Seco 505) of different 
materials are compared in the table belowo 
Shell Material Frequency (cps) 
5" steel 
Steel sandwich 
5 SS concrete 
TABLE OF MIN"J.Ml[rvI FREQUENCIES FOR HYPERBOLOID OF 
DIFFERENT MATERIALS 
Although the sandwich shell 1.s not as stiff as the 5-i.nch 
steel shell) the natural frequencies are equal because the mass of the 
sandwich shell is also decreasedo 
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60 I:ERANSIENT VIBMTIONS OF SHELLS OF REVOLUTION 
6010 Introduction 
After the modes of free vibration and the natural frequencies 
have been obtained for the shell) the response due to time-dependent 
surface loads can be determined by the classical modal method of 
analysis 0 Kraus and Kalnins [20] have formulated the equations of the 
modal method for a general shell 0 The modal method of analysis for a 
shell of revolut:i.on that is given i.n this chapter is a special case of 
the general problem 0 
The method of analysis and the behavior of the hyperboloid 
under dynamic loading is demonstrated by considering a static and a 
dynamic wind loado The nature of the wind load is given in this 
cha.pter J and. the results of forced vibrations are presented in Chapter 70 
Some important effects that peaks in the mode shapes (Seco 506) have on 
the dynam:Lc response are also d.iscussed in Chapter 70 
6020 Modal Method of Analysis 
The governing differential equations of motion} Eqso (2026); 
'\pTere derived in Chapter 2 where the loads and d.isplacements were as su.rned 
in terms of trigonometric functions 0 Let it now be assumed that the 
load vector for each harmonic n is 
f P (x,t) 1 f P (x) f ( tI) ~ 
P:<x,t) 
nx nx 
p Pne(x)fne(t) (601) n l Pnz (x, t) J l P (x)f (t) J nz' nz 
This representation of the load is convenient but not at all necessary 
for the modal methode It will be seen that this representation is 
reasonable for the loads under consideratione The corresponding dis-
placement vector is 
U 
n 
; (xJ t ) 
n 
"', \ 
v (x)t) 
n 
~ (x)t) 
n 
'Equations (60:1) and (602) satisfy the differential equations 
of motion which can be written in matrix form as 
1 U 
n n 
d~ dU 
~p h n ~. n ~ IT 
n + P dt2 +, dt + n n 
In Eqo (603) Ln is a (3" 3) differential operator) ~ is an external 
viscous damping parameter) and. k is an elastic foundation parameter. 
The damping and elastic parameters are included for completeness; they 
both must be the same in the tangential and normal directions so that 
the undamped spectrum. of free vibra ti.on modes can be used 0 Furthermore-, 
it is assumed that p and h are constanta 
From the study of free vibrations it is known that) for some 
mode i) the natural circular frequency and mode shapes satisfy the 
equation 
LU, 
n nl 
2 
-ohw . U . 
. nl nl 
where n is the harmonic number) i is the mode corresponding to that 
harmonic j and 
U. 
nl 
( ) u . ,:.x 
nl-
itl • (x) 
nl-
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Equation (605) gives the mode shapes for the ith mode of the nth 
harmonic and is not to be confused with the membrane mode shapes in 
Chapter 40 
To find the dynamic response of the shell) the displacements 
are expanded in terms of the mod.e shapes as 
r 
U . (x) cos nB 
co co nl 
U(x)BJt) I I v . (x) sin nB ~i (t) (6.6) nl 
n=O i=l 
w . (x) nB cos 
nl 
where q ,(t) is a time-dependent parameter to be determined 0 Corre-
Lll 
sponding to each value of n~ the substitution of EClsu (6.4) and (606) 
where 
co 
L\ D· TT ,U , nl nl p n n 
i=l 
D . 
nl 
~ 2 ) - d~i (k + phwni ~i + A, dt + ph 
In order to solve for q ,(t)) the orthogonality relationship between 
. Lll 
modes is needed which) for the shell of revolution) is 
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[u .u . cos nB cos mB + v .v . sin nB sin mB 
nl mJ nl. mJ 
T W • W , cos nB cos mB ]ArdBdx 
nl IDJ o if m ~ n or i J j 
J 0 if m nand i = j 
Since the trigonometric functions are orthogonal) the orthogonality 
relationship can be expressed as 
-T U . U ,Ardx -
nl nJ o .. N , lJ nl 
where 0 .. is the Kronecker delta and lJ 
N " nl y:;-T U .Ardx d ni nl, 
(6.10) 
(6011) 
A differential e~uation for ~i(t) is obtained by multiplying 
the transpose of E~o (607) by U ,Ar and integrating the product over 
nJ 
the shell meridian 0 Since the modes are orthogonal according to 
Eqo (6010)) it follows that 
D, 
nl 
1 
N , 
nl 
xt 
U .Ardx J -pT , n . nl 
It is convenient to nondimensionalize the solutions. Let 
Po be some reference pressure and a , be a reference length for the 
nl 
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.th d f h ' l rno e 0 armonlC no FU.rthennore, let 
3 
D = Eh as previously defined and 
, 2. 
12(1-v ) 
T = (D/ £4ph )1/2t 
R = (.£4/D)k 
2 (1 2) 2 2 2 ~ 2 ~ 121 -v;' pWni ~ 12£ 
w . = K + -2- E =K + ~2- P 
nl h h 
2 = W- 2 (1-A.2~J I ni ni r-' 
Equation (6ol2) can then be written as 
where 
.1 
N , 
nl 
-T P U .Ardx 
n nl. 
When (3 < 1 and the disp.1acements and velocities are zero 
at T = OJ the solution of Eqo (60.13) is 
- ~ 
W 0 --\jl-f3 ~ D 
nl 
T 
J 
o 
G .(~)exp(~ W ,~)sin[/ ,(T-7)]d~ 
nl nl nl· 
(6.15) 
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In Eqo (6015) the expression on the right is the well known Duhamel 
integralo The value t3 < 1 corresponds to the underdamped case whi.ch 
is the only case of interesto 
The mode participation factors are defined as 
a , 
nl 
-2 p /,;, N 
.J.. O
w
ni ni 
-T P U .Ardx 
n nl 
and. the time-displacement parameters are 
A ti.rne-dependent parameter is the dyn~mic load. factor or instantaneous 
amplification factor for a si.ngle-degree-of-freedom system with a 
damped circular frequency )' . 0 
nl 
as 
£4p 
o Co x x e e z z) qnl' (T) =. Da M ,F . + M ,F . + M .F . nl nl nl nl nl nl 
'ni 
It follows from Eqso (606) and. (6018) that any dependent 
variable y of the transient response is given by 
co co 
L L Y ni (X) ( ,cos nB) x J B B z z) (M .11' • + M . F . + M . F . ani ,sin nB. 'nl nl nl nl nl nl 
n=O :1.=1 
where y .ex) is the value of y corresponding to mode nio 
nl 
The mode participation factors and N . are determined from 
nl 
Eqso (6016) and (6011)0 The equations have to be integrated numerically 
over the interval ex.. .x. ) 0 In this i.nvestigation Simp_ son's three _point 
, p' -C' -
rule is used to perform the integration [5]0 
The dynamic load factors as obtained from Eqo (6017) can be 
determined analytically for many practical loads of interest 0 Several 
sources, e.go, Refo[24], have dynamic load factors evaluated for a 
variety of loadingso 
6030 Loads on the HYperboloid 
The dynamic behavior of a hyperboloid is investigated by 
determini.ng the response due to wind loading 0 Wind. load.ing is an 
important factor in the design of hyperbolic cooling towers and has 
gained considerable attention after three towers failed in Ferrybridge, 
England during a windstorm 0 
A knowledge of the general nature of the wind must be known 
before the wind loading can be specified (see Davenport [6,7]). The 
study of a typical record of a strong wind shows that the mean velocity 
increases with height and it remains comparatively, steady at any given 
elevation 0 However, the amplitudes of the velocity fluctuations about 
the mean are nearly equal at all heights 0 Rapid fluctuations at 
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different hei.ghts are not correla ted with one another -' but fluctua-
tions of approximately a minute or longer are relatedo 
Because of these properties of the wind) the wind load will 
be considered as a superposition of a static load due to the mean wind 
and a dynamic load due to gusts 0 Another dynami.c load which is con-
sidered arises because of vortex shedding. This can occur even in a 
steady windo 
60·3010 Static Wind Loado In the design of hyperbolic cooli.ng 
towers it is common practice to consider the wind pressure as a static 
load which results from some design wind velocity. In this investiga-
tion the static response due to a mean wind velocity will be determined 
to study the significance of the modes and to compare the results of 
the modal analysi.s with the static solutions in the literature 0 
Ordi.narily) a static solution would not be obtained by solving the 
eigenvalue problem 0 The governing static soluti.on can be obtained by 
integrating the equations nQmerically and suppressing the extraneous 
solutionsj however, a particular solution of the differential equations 
must be obtai.ned in addition to the homogeneous solutions 0 The pro-
cedure for thi.s is given by Goldberg) et al [12 J and West and 
Robinson [31] u 
According to D9.venport [6] the pressure distribution on a 
structure due to a steady wind may be written as 
(6.20) 
where P
a 
= the density of air) Ul = the mean wind velocity at the top 
of the structure) and Cp = the pressure coefficient 0 The value of Ul 
is determined from the equation 
u (6,21) 
in which U = the mean wind velocity) d = height above the ground J 
U the mean gradient velocity) and d = the gradient height 0 For g g 
open country d = 1000 ft and cp = 00160 g 
Rish and Steel [27J have determined the following pressure 
distribution on the hyperboloid as the result of model .studies~ 
C (B) 
P 
10524 cos(1089B) 
-0069 sin[3061(B-47.6)] 
o 
0 ~ 8 S. 470 60 
47060 ~ 8 ~ 1000 
1000 < 8 < 1800 
This pressure distribution is for an isolated shell in a steady uniform 
air stream at a high Reynolds nu.rnber and includes the effect of 
internal suction 0 ':rhe pressure distribution varies very little along 
the shel,l meridian 0 
Since the pressure distribution for a gradient wind is not 
available) the effect of a variable pressure along the meridian is 
investigated by assum.ing that the dynamic head varies with the height 
above the baseo The pressure coefficient for the uniform wind is used. 
Hence) the gradi,ent wind loading is represented as 
P (x B)' = ~ p U2C (8) 
z J 2 a p , 
It has been assumed that the load can be represented in the 
form 
P 
z 
n=O 
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P (x)f (~) cos nS 
nz' nz 
where for the static case fnz(T) = 10 A good approximation of 
(6.24) 
E~s. (6022) can be obtai.ned from the first four terms of E~. (6.24). 
Therefore let 
The values of C are given i.n the table below 0 pn 
n 
C pn 
o 
00229 
1 2 
00598 
3 
TABLE OF COEFFICIENTS roR WIND LOAD ON HYPERBOLOID 
In Fig. 12 the pressure d:i.stribution given by EC{o (6.22) is compared 
wi.th the pressure di.stributi.on resulting from the first four terms of 
Since f = 1 for the static static case, it can be verified 
nz 
from EC{s 0 (6013), (6016), and (6018) tha t F~i = 10 
603020 Gust Wind Loado In addition to the static mean wind 
load) the dynamic effect of velocity fluctuations or gusts is also of 
interest. The variation of the wind is complicated) however, by the 
random nature of the periods) intensities) and spatial characteristics 
of gusts 0 Many investigators) eogO) Davenport [6J and Harris [15J, 
have applied statistical concepts of random vibrations to determine the 
response of structures to gust loading 0 Most applications of this 
procedure have been restricted to structures which can be analyzed as 
a single-degree-of-freedom system" 
The study of random processes and the nature of the wind is 
not within the scope of this investigation 0 Nevertheless) the basic 
question of how the hyperboloid behaves under dynamic loading is 
investigated by representing the wind pressure due to gusts as 
p 
z 
3 
, , \' 
p UUff ( T ) .) C 
a nz ~ pn 
n~O 
cos ne 
where uf is the amplitude of the fluctuating velocity (uf « U) and 
f (T) is a m half-cycle sine pulse of duration TD with an angular nz . 
fre~uency n mn Hence, 
f (T) 
nz' 
f (T) 
nz 
sin nT 
o 
T < T 
- D 
The dynamic load factor from ·E~o (6020) :l.s 
where 
1 n FZ • (T) _. --'-~-("\--2 [s in D'T - =- sin w . T ] 
nl 1 _ (_H __ ) wni nl 
.~ I 
W , 
nl 
FZ.(T) =A sin ((;1. T! + *R) 
nl' R . nl 
T - T D 
T>T 
- D 
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2 nj;;) , 
nl 
sin (6.29) 
1 _ (n/"W .)2 
'. nl 
tan IjrR 
sin (mnw ./n) 
, nl"' 
cos (mnw ./n) - cos mn 
nl 
6.3.30 Vortex Shedding 0 When a body with a circular cross 
section lies in a uniformly flowing fluid) the characteristics of the 
flow depend on the Reynolds nu.ruberR which 1.s defined as 
e 
R 
e 
UD 
e 
the velocity of flow) ·D= a characteristic dimension 
e 
of the body taken as the throat diameter for the hyperboloid, and 
~ = the kinematic viscosi.ty of the fluid. For a body in the wind) 
Re ~ 9400 (U in mph) (De in ft). 
" Experience shows that for a cylindrical structure in the 
wino. the lateral forces produced by vortex shedding are essentially 
periodic if .the Reynolds number is less than some value called the 
critical Reynolds number 0 Below the critical Reynolds number, which 
5 is about 10 ) the frequency of vortex discharge is governed by the 
strouhal number defined as 
S 
where f is the frequency of discharge. 
When R exceeds the critical Reynolds nu.ruber, the frequency 
e 
of discharge is essentially aperiodic. The forces induced cannot be 
determined exactly, but they can be described using statistical 
theory [9J. The procedure for computing the response of cylindrical 
structures has been described by Fung [8Jo 
A model study was conducted by Central Electricity Research 
Laboratories of Great Britain [3J to determine the pressure distribu-
tion on the hyper'bolic cooli.ng towers that failed in England 0 Under a 
6 
uniform steady wind and at a Reynolds number of 209 x 10 .) the results 
of the model study indicate that there are pressure fluctuations both 
anti-symmetrical and synLmetrical about the wind direction) and the 
anti-symmetrical pressure variations correspond to vortex shedding. 
The pressure fluctuations are correlated along a meridian but are not 
in opposite phase on opposite sides of the model at all times. 
Under normal wind conditions y the Reynolds number of the 
full-scale cooling tower is much larger than the Reynolds nu.rnber for 
the model 0 fJ:lherefore it is expected that the shedding of vortices is 
a random processo Nevertheless) a ~ualitative analysis of the effects 
of vortex shedding can be o'btained by assuming that the frequency of 
shedding is periodic 0 
The pressure induced by vortex shedding i,s assumed },n the 
form 
co 
~ 
P sin DT L P cos ne z nz 
n=O 
where P are constants and DT = 2rrfto In this case the reference 
nz 
meridian from which e is measured is at an angle of 900 from the 
windward sideo T-~e steady state response due to f (T) = sin DT is 
nz 
of interest. The dynamic load factor for this loading function is 
where 
tan B 
2(3 n 
w . 
nl 
90 
sin(nT - 5) 
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7 . RESlj~TS OF FORCED VIBRATIONS 
7.1. Introduction 
The modal method of analysis and the nature of wind loads on 
the hyperboloid have been discussed in Chapter 6. In this chapter the 
results for a typical hyperboli.c cooling tower under a static and a 
dynamic wind load are presented in order to demonstrate the shell 
behavior under dynamic loading. Some characteristics of the hyper-
boloid which may be very significant for some types of dynamic loads 
are also discussedo 
The shell geometry is the same as for the hyperboloid studied 
in Chapter 5, ioe., 
a 1008"; b 
a . = loa; h 
nl 
a' ) 
Only shells of steel and concrete are considered. An 
apprOXLmate response of a thin sandwich shell could be determined by 
transforming the sandwich shell into an eCluivalent homogeneous shell as 
A value of V = 0015 is used l.vhen determining the mode shapes 
and freCluency parameterso It is shown. in Chapter 5 that the results 
of free vibration are not significantly. d.ifferent when V = 0.30; 
conseCluently, the results of forced vibration can be presented in non-
dimensional form in terms of the shell geometry and material properties 0 
These results are essentially unchanged for different values of 
Poisson1s ratioo 
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It is assumed that there is no damping and that the elastic 
- -foundation constant is zero; hence ~ = K = o. For the static wind, load 
1 2 the reference pressure is Po = ~ 0 U. (psi.) J and for gust loading it is 2 ' a .l 
7020 Results of Sta.tic Wind Loading 
As shown by Eq. (6ol6).? the external load is expanded in 
terms of the mode shapes 0 The static wind load on a cooling tower is 
approximately uniform along a meridi.ano In Chapter 5 it has been shown 
tha t for many, modes of the hyperboloid the transverse moti.on i.s pre-
dominant and it is sizable only over a segment of the shell meridiano 
In this region of the meridian the transverse deflection consists of 
waves with large amplitudes and short wavelengths (peak.s)0 For the 
lower frequencies these peaks exist near the fixed boundary) and they 
tend to spread to the free edge as the mode number increases. It is 
apparent that a large number of modes of this type are required to 
represent a uniform loado 
For the axially symmetric component of the wind load} it is 
found that at .least 24 modes must be used since all but the fi.rst mode 
have peakso On the other hand) several of the lower modes for each of 
the other harmonics do not have peaks 0 The expansion for the load 
converges much faster with modes of this type; thus) an approximate 
static solution is obtained by using only these lower modes 0 
The following table gives the number of modes used for 
each harmonic~ 
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n o .1 2 3 
Noo of modes 24 3 5 6 
TABLE OF MODES USED 
When space n > 0) only the modes v-7i,thout peaks are usedo For each 
value of n J more modes of this type exist as the circumferential wave 
number increases. Therefore) a more accurate expansion is obtained for 
the components of the .1oad corresponding to n = 2 and 3 than to n = 1. 
Since the components of the load for n = 2 and 3 are larger (Eqo 6025), 
a more accurate expansion for these terms is justifiedo 
The direct stresses due to in-plane forces are shown in 
Figo 13 for the 5-inch shell and in Figo 14 for the 7-inch shella The 
stresses in the 5-inch shell as determined by the finite difference 
solution of Albasiny and Martin [1] also are shown in Figo 130 It is 
seen that the meridional and circumferential stresses are in good 
agreement with those of the reference except in the central region of 
the shell where some differences between the circumferential stresses 
as determined by the two methods occuro A comparison of the stresses 
in the internal reg:i,on of the 5-inch and 7-inch shells shows that the 
stresses are essentially inversely proportional to the thickness 0 
Therefore these stresses result primarily frommenlbrane forces 0 The 
positive ci,rcu.rnferential stress at the base results from the edge 
effect at that boundary 0 
The bending stresses on the meridian e := 0 0 are compared with 
values given by Albasiny and Martin [lJ for the 5-inch shell in Fig. 15 
and for the 7-inch shell in Figo 160 There i.8 fair agreement between 
the two methods of solutiono 11he edge effect at the base is quite 
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apparent. The meridional bending stress is large at the boundary 
and decays rapidly along a meridian, The bending stresses in the 
internal region are small compared to the stresses at the base. 
Nevertheless) the circumferential bending stress is sizable in the region 
near the throat. It is seen that the bending stresses at the base are 
reduced by an i,ncrease in shell thickness 0 However, in the internal 
region the bending stress is approximately the same for both shell 
thicknesses. 
In Figs. 17 and 18 the circumferenti,al distribution of the 
bending stresses at an elevation 4 ft below the throat are compared 
with the stresses presented in Ref. [lJ for a section at 3 ft above 
the throat. Figures 15 and 16 show that the bending stresses are 
nearly equal at these two locationso The stresses computed from the 
finite difference solutions are in excellent agreement with those from 
the mod.al method except on the leeward side of the shell. As already 
pointed out, there is little variation of the stress with the 
thickness. 
The maxLrnum transverse deflection occurs approximately 
25 ft below the throat. The circumferential distribution of the de-
flection at this elevation is shown in Figs. 19 and. 20 for the 5-inch 
and 7-inch shells respectively. From Fig. 19 it is seen that the 
normal displacement has about the same circu.rnferential distribution 
as applied load. 
The direct stresses and bending stresses for a 5-inch shell 
under a gradient wind load are shown in Figs. 21 and 22 respectively. 
By comparing these results with the results of the uniform load} it 
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is seen that there is very little difference in the response except 
near the base where all of the stresses are less for the gradient wind. 
It has been pointed out that there is some disagreement with 
the fi.nite difference solution of Albasinay and Martin [1]. There 
are several reasons for these differences. In this investigation, 
four terms in the Fourier expansion for the external load are used 
whereas Ref~ [1] used ten terms 0 As shown in Figo 12., the use of four 
terms provides a sufficiently accurate distribution of the external load 
for the purposes of this investigation. With ten terms) however) the 
distribution of the load is more nearly. the same as given byEq. (6.22) 
particularly on the leeward side of the shell a This explains why the 
bending stresses computed.by the two methods agree better on the 
windward side of the shell than on the leeward side. 
The principal reason that the direct circumferential stresses 
in the central region of the shell are less than those computed from 
Refo [1] is that a much larger number of modes would have to be used 
to determine a more accurate static solution 0 This is also the probable 
reason for the differences in the meridional distribution of the 
bending stresses, However; it is not practical to consider a greater 
nQmber of modes 0 If dynamic loading is significant, .the response will 
result primarily from excitation of the lower modes, and the 38 modes 
considered should be sufficient 0 
7030 Results of Gust Loading 
To study the dynamic behavior of the hyperboloid due to a 
gust loading) the dimensionless time variation of the load is assumed 
to be a half-cycle sine pulse of duration TD' The same 38 modes .used 
to determine the static response are used to determine the dynamic 
responseo 
The maximum transverse deflection due to loadings with dura-
tions of TD = 0.08)' 0.20) 0090 is shown as a function of the dimension-
less time for the 5-i.nch shell in Fig 0 23 and for the 7-i.nch shell i.n 
Figo 240 'The maximum deflection occurs approximately at Z = -: 25 ft, 
e = 00 , 
The deflection-time hi.story ·i.s similar for both shell 
thicknesses 0 'When the duration of the pulse is short) the maximum 
deflection is considerably larger than' the static deflecti.on. As the 
:loading duration becomes longer, the deflection has nearly the same 
ti.me variation as the external loado 'The time variation of the 
stresses and the other deflections is similar to that of the transverse 
deflectiono 
The dynamic load factors at maximum amplificati.on also is of 
i.nteresto For loading durations of TD = 0"08) 0020) 0090) these 
dynamic load factors are given in Tables 8 and 9 for the .5-inch and 
7-inch shells respectively 0 The dimensionless natural circular fre-
quencies are also given in the tables 0 As to be expected) the dynamic 
load factors are largest when the. loading duration is short and the 
dimensionless frequencies are small 0 When the pulse duration increases) 
the dynamic load factors approach uni.ty and more modes become 
s igni.ficant 0. 
In order to determine if a gust load would be likely to cause 
a large stress amplification) the dimensionless time parameters are 
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given for concrete and steel in the table below 0 The material 
properties used are 
Concrete~ E 
Steel ~ E 
Steel 
Concrete 
3 x 106 psi; p 
6 30xlO psi; p 
T 
h= 5" 
00225 Ib-sec2/in4; V 
00736 Ib-sec2/in4; V 
h = 7" 
00423t 
00232t 
TABLE OF DIMENSIONLESS TLME PARAMETERS 
FOR STEEL AND CONCRETE 
Figure 25 shows the absolute maximum dynamic load factor for 
w. 
nl 
a half-cycle sine pulseo It is seen that n would have to be less 
than about 100 to obtain a sizable stress amplification due to that 
mode 0 For the 5-inch concrete shell) which is the shell with the 
lowest natural frequency considered) the actual time duration of the 
w 
load must be less than 00363 sec in order for ~l < 1000 The dimension-
less circular freq~ency w31 is the lowest frequency of the shell which 
is likely to be significant because the component of the load corre-
sponding to n. > 3 i.s small 0 However) e;ven if the mode corresponding 
to the lowest natural frequency of the shell could be excited; which 
is the first mode when n = 5) the actual time of the load duration would 
w5l 
have to be less than 00483 sec for ~ < 10 Although there are gusts 
with this short of duration) it is unlikely that a large gust capable 
of engulfing the shell exists which has a duration short enough to 
significantly amplify the stresseso 
It may be thought that there are other possible representa-
tions of the time variation of the load which would yield a large 
stress amplification such as a full cycle sine pulse 0 However) the 
consideration of a number of cycles merely changes the absolute maxi-
w . 
mlliu dynamic load factor in the nl intermediate range of the -n- spectruno 
For the hyperboloid) w . is so large that several cycles of loading 
nl. 
has little effect on the responseo The factor which has a large 
effect on the response in the frequency range of the hyperboloid is 
the rise time of the loading function 0 The rise time fOT a gust which 
can engulf the shell is not expected to be significantly different from 
the rise time of a sine pulse 0 
7040 Results of Vortex Shedding 
Since the exciting force due to vortex shedding is assumed 
to be a sinusoidal function of time) a study of the steady state 
response will i.ndicateif vortex shedding .is an important consideration 0 
No damping is considered.; .hence) from Eq. (6033) the maximum dynamic 
load factor is 
For vortex shedding to be a problem) therefore) n/w . must be approxi-
nl 
mately equal to 10 
Since 
£4 h 1/2 
2rcf (+) 
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and the Strouhal number is S = fD /U ~ 002) it follows that the wind 
e 
velocity necessary to cause resonance is 
U(in/sec) 
in order for n = W 00 
nl 
w 
ni 
D D 1/2 
00 4n: (~h) 
£ p 
The wind velocities at resonance can now be comp~ted for the 
sample problem by use of Eq. (703). Although the skew-symmetric 
component of the exciting force is most domi.nant) the minimum natural 
frequency of the shell is used to examine the worst possible case. 
In Chapter 5 it has been shown that the minimum frequency occurs when 
n = 5. The wind velocities required for resonance to occur in the 
5-inch and 7-inch shells are given in the table belowo 
steel 
Concrete 
Wind Velocity (mph) 
h = 5" 
548 
296 
616 
337 
HIND 'VELOCITY il~T HESONANCE 
From the table it is obvious that the dynamic response due to 
vortex shedding is not likely to be significant even in strong wind 
conditions. This agrees with the conclusions arrived at by Neal [23]0 
7.5. Moment Penetration 
When investigating the dynamic behavior or the hyperboloid 
due to gust loading,9 it has been assumed that the forces act in phase 
100 
over the entire shell c Fluctuating forces with higher frequenci.es also 
occur) but these forces are produced by small gusts which affect only 
the structure and are uncorrelated.Even 
the frequencies of these gusts are relatively small compared to natural 
frequencies of the hyperboloid. Hence, the effects of these forces 
are small and can be neglected. 
However, some types of dynamic loads in which the meridional 
di.stri.bution of the load is a function of time may be very significant. ' 
Even if the load i.8 smoothly distributed along the shell meridian, it 
is possible for large bending stresses to occur in the internal region 
of the shell. The presence of large bending stresses in the internal 
region, i.e., moment penetration, results from the existence of peaks 
i.n the modes that are needed to represent the applied loado 
The cause of moment penetration can be explained by examining 
the bending stresses, that each mode contributes to the static solution 
of a symmetrically loaded hyperboloido The meridional bendi.ng stresses 
resulting from the first seven modes are given in Table 100 The 
bendi.ng stresses from the static solution c~rresponding to the sum of 
the first· 24 modes are also given. It has been shown in Seco 7.2 that 
24 modes are needed to represent an axially symmetric uniform load; 
hence, it is expected that a large number of modes with peaks would be 
needed for any smoothly distributed load. As seen in .Table 10, large 
bending stresses are present in the internal region for some of the 
modes, but the sum of the bending stresses resulting from each mode is 
very small in this region. However, in a dynamic problem where the 
meridional distribution of the load is.a function of time, it is 
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possible for some of the modes with peaks to be amplifiedo Even a small 
amplification of some of these modes could cause large bending stresses 
in the internal region because these modes may not be in phaseo 
_.- --'-'-- -"--'-'- ._.- _._ .. __ ._- _ .. _-_.-. _._. __ ... _ .. _ ...... _. __ . -_._.-._._--_ ..... _._. __ ._-_._---_. __ ._-_.-.. 
Since peaks are present even in the second mode for n = 0) 
the axially symmetri.c component of the load could cause significant 
moment penetration 0 Similarly; the skew-symmetric component of the load 
could be significant because peaks exist in the fourth modeo On the 
other hand; if a sufficient number of modes without peaks exist which 
would represent a smoothly distri.buted load) eo go; n = 3) moment 
penetration would not be as signifi.canto This is because modes without 
peaks do not contribute such large bending stresses in the internal 
regiono 
Although moment penetration is not expected to be significant 
for wind loading) .it may be a problem for earthquake loading. The 
higher modes for n = 1 may be excited appreciably. in which case bending 
stresses mi.ght be large i.n the internal regiono 
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80 GENERAL CONCLUSIONS 
801. Free Vibrations 
The Holzer method has been shown to be an excellent means 
for determining the natural frequencies and mode shapes of a general 
thin shell of revolution 0 As expected) sorne nu.rn.erical problems are 
encountered in the numerical integration of the differential equations 
because of the growth of extraneous solutions 0 Since the shells 
considered are not extremely thin) the extraneous solutions can be 
suppressed by using the techni,que described in Seco 3040 The asymptotic 
method) originally. developed to investigate a freely vibrating steep 
spherical shell) also can be used to solve the free vibration problem 
for a shell of arbitrary contour 0 However) some difficulties are 
encountered which restrict the usefulness of this method. 
For a cylinder and a hyperboloid) the natural frequencies 
and mode shapes detterminedby the asymptotic method are in excellent 
agreement with those obtained by the Holzer method provided that the 
circumferential wave number n i9 small 0 As the circumferential wave 
Dl@ber'increases) the deviation in the results of the two methods 
becomes greater (Seco 502)0 In order to obtain solutions by the 
asymptotic method for larger values of n, more terms in the asymptotic 
expansions may be requiredo This needs to be investigatedu 
Another difficulty associated with the asymptotic method is 
that only the lower modes can be determined for many shells of interest 
such as the cylinder) cone) and hyperboloid 0 The reason for this is 
that the membrane frequencies and mode shapes) which are required for 
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this method) cannot be determined for the higher modes by numerical 
methods (Sec. 5.3). 
method are in good agreement with the experimental and analyti.cal 
results in the literature for all circumferential wave numbers (Secs. 
5.4.1 and 5. -4.2). Natural: frequencies determined experimentally for 
the hyperboloid also appear in the literature) but no meaningful 
comparison can be made because the actual boundary conditions of the 
models are unknown. 
The natural frequencies of the hyperboloid vary with the 
circumferential wave number in a manner similar to the frequencies of 
a cone or cylinder. The minimum frequency occurs at some intermediate 
value of n greater than 2. For the hyperboloids considered) the mini-
mum frequency occurs when n = 5 (Sec. 5.5). The shell thickness has 
very little effect of the lower frequencies of the hyperboloid for 
small values of n; hence) the membrane frequencies are a good approxi-
mation of the natural frequencies of the shell in this case (Sec. 5.5). 
'The mode shapes of the fixed-free hyperboloid are not 
characteristic of the mode shapes which have been determined for other 
shells of revolution (Sec. 5.6). For the higher modes of each harmonic) 
waves in the transverse displacement which have large amplitudes and 
short wavelengths occur near the fixed edge. These tend to spread to 
the free edge as the mode number increases. The normal displacement is 
much larger than the tangential displacements in these modes. 
Although only isotropic shellsihave been considered) the Holzer 
method and suppression technique can be used to solve the free vibration 
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problem for shells of other materials. This procedure also can be used 
for shell combinations such as a sphere clamped to the end of a coneo 
Another problem of interest is the freely vibrating shell subjected 
to initial stresses such as internal pressure or dead load. The effect 
of an initial stress which is axially symmetric could be determined 
in a straightforward manner. 
8020 Forced Vibrations 
The modal method of analysis can be used to determine the 
response of the hyperboloid to static and a dynamic loads. The solu-
tions arrived at by modal analyses of hyperbolic cooling towers 
subjected to a static wind load are in agreement with the analytical 
results in the literature (Seco 7.2), However; a large number of modes 
are reCluired to obtain a static solution for the axially symmetric 
component of the load because of the short waves (peaks) in the trans-
verse mode shapes 0 For other circumferential wave numbers; an 
approximate static solution can be obtained by considering only the 
lower modes which do not have peaks. In order to improve the accuracy 
of the solution" a very large number of modes would have to be usedo 
The dynamic behavior of hyperbolic cooling towers due to 
gust loading and vortex shedding is also investigated (Secso 7.3 and 
704)0 By considering the wind as a deterministic rather than a random 
phenomenon, it has been shown that the natural freCluencies of the 
hyperboloid are so large compared to a realistic rise tLme for the gust 
load thaG the dynamic effects of the wind are not expected to be 
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significant 0 The lowest natural frequency of the shell is also too 
large for vortex shedding to be a problem 0 
However) for some types of dynamic loads) large bending 
stresses may occur i,n the internal region of the shell (Sec 0 705) 0 
This moment penetration is caused by an amplification of modes in which 
rapid variations in normal displacements are presento Although moment 
penetration is not expected to be significant for wind loading) it may 
be a problem if the structure is subjected to an earthquake 0 The 
dynamic effects of earthquakes may be very significant and should be 
the subject of future investigations. 
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n Asymptotic Holzer 
Method Method 
0 0.4233 0.4233 
1 0.05822 0.05821 
2 0.01352 0.01356 
3 0.004059 0.004467 
4 0.001760 0.003326 
5 0.001190 00005425 
V :=: 0.30 h =: 00 040 I! a =: 4. Off b == 809286 ff .€ := 400ff 
TABLE 10 FUNDAMENTAL FREQ'UENCY. PARAME TERS FOR A CYLINDER 
Mode 1 Mode'2 
n Holzer Asymptotic Holzer Asymptotic 
0 0.1766 0.1766 0.3833 
1 0.03180 0.03180 0.1356 001356 
2 0.009167 00009149 0,,04011 0,,03998 
3 0.005559 ,0.005433 0.01165 0.01155 
1. fI flfI) I 1 fIfI fI !In'Z.'"?11 n nn?:1?:O n nnc:?:-:z;n 
'+ V.VV'T..LVV VoVV..-J!..L..L VoVVV-LVC- v.vV/'-'..-'/ 
5 0.003149 0.002056 0.006008 0.004751 
v == 001'5 h =: 5.0 rr a = 1008!! b =: 2516 ff £ == 1008 ff 
xt == o. 287 ~ = -l,. 070 
TABLE 2. F'REQUENCY PARAMETERS, FOR A,. HYPERBOLOID 
110 
-4 2· 4 6 a p = 003 x 10 lb-sec !in b 5.77" a = 0 h = 00025!l 
E = 150,,000 psi v = 0015 x = 00398 b xt = 1.000 
E 
'V 
P 
n 
n 
Mode Present Work Ref o [llJ 
1 .1072 1072 
2 1316 1315 
3 1611 1611 
TABLE- 30 NATURAL FREQUENCIES (CPS) FOR A SHORT CONE 
=: 1407 x 106 psi 1 = lOll h = 00021 IT 
= 0.30 a = 411 ~ ~10160 
0.826 x 10-3 lb-sec2 lin 4 b 1011 00360 
- = xt = 
Frequency, cps 
= 5 
mode 1 
mode 2 
= 6 
mode 1 
mode 2 
Holzer 
un(~) = 0 
322.0 
371.4 
Holzer 
Nx(~) = 0 
152.6 
326.9 
208 0 0 
36605 
Experiment 
Ref. [23J 
290 
318 
230 
266 
TABLE 40 . NATURAL FREQUENClES FOR HYPERBOLOID MODEL 
111 
FreQuency Parameter p 
n Mode 1 Mode 2 Mode 3 
0 001766 003833 004166 
1 0003180 OQ1~56 003255 
2 00009165 0004011 001423 
3 00005559 . o~ 01165 0005502 
4 00004100 OdOO6162 0,,02269 
5 00003149 . O;d 006008 0" 0124,3 
6 00003867 Oq005148 0001193 
7 00004981 0,,006735 0,,01086 
TABLE 50 F.REQDENCY PARAMETERS FOR A 
. TYPICAL 5.,.INCH HYPERBOLOID 
FreQuencyParameter·p 
n .Mode,l ·Mode·2 'Mode· 3 
0 001766 . Od 3906 004295 
1 0003180 001357 Op3261 
·2 00009189 .0" 04015 0:01423 
·3 00005677 0 0 01178 0,,05546 
4 00004489 .0& 006634 0,,02311 
5 00004114 0,,007296 0,,01332 
6 00005736 0,,007623 0001423 
7 00007714 0~01114 01>01534 
TABLE 60 . FREQUENCY. PARAMETERS FOR A 
TYPICAL 7~INCH HYPERBOLOID 
112 
Frequency Parameter p 
n V = 0.15 V = OQ30 
Mode 1 Mode 1 
0 001766 001702 
1 0.03180 0.02835 
2 00009189 0.008532 
3 0.005677 0.005337 
4 0.004489 0.004218 
5 0.004114 0.003970 
6 0.005736 0.005534 
7 0.007714 0.007492 
TABLE 70 EFFECT OF PO ISSON 1 S RATIO ON FREQUENCY 
PARAMETERS FOR A HYPERBOLOID 
113 
Dynamic Load Factors 
TD = 0.08 TD = 0020 TD = 0·90 
.i ~ = 0.06 = 0.08 := 0.45 n w T T T nl 
0 1 293 0.849 1.007 0·992 
2 432 0.647 0·954 0·994 
3 450 0.6,30 0·987 0·997 
4 470 00705 0·956 1.007 
5 487 00778 0·921 0·997 
6 505 0·782 0·939 0·994 
7 522 0·720 0·976 10002 
8 539 0.654 0·975 1.006 
9 555 0.642 0·941 1.003 
10 570 0.690 0·924 0·997 
11 586 00750 0·946 0.994 
.12 602 00776 0·974 0·995 
13 616 00752 0~973 0·996 
14 632 0.698 0·945 0·999 
15 ,645 0.658 00928 0·997 
16 b157 0.651 0·934 0··995 
17 664 0.659 0·945 1.005 
18 668 00671 0·954 0·996 
19 678 00702 00969 1.004 
20 679 00703 0·970 1.004 
21 687 00729 0·974 0·997 
22 689 0·737 0·974 1.003 
23 692 0·745 0·973 10005 
24 698 0·758 0·966 0··995 
1 1 125 0.460 1.032 10007 
2 257 0.681 0.894 1.001 
3 398 ·0.808 00935 1.008 
2 1 66·9 1·765 1.207 10051 
2 140 00504 1.075 0·993 
3 263 0·737 0·907 10004 
4 358 0.659 0·967 1.010 
5 408 0·772 0·916 0·994 
3 1 5201 10609 1·330 1.072 
2 75·4 10672 1.048 0·982 
3 '164 0.850 0·910 1.021 
4 255 0.660 0.893 0·988 
5 329 0.622 0··908 1.010 
6 380 0·789 0·988 0·992 
TABLE 8. DYNAMIC LOAD FACTORS AT MAXJMUM AMPLIFICATION 
FOR 5-INCH HYPERBOLOID 
114 
Dynamic Load Factors 
TD = 0.08 TD = 0.20 TD = 0·90 
-n i w . 
nl T = 0008 T = 0 .. 12 T = 0.45 
0 1 210 0.170 00955 0·922 
2 312 00025 0·968 0·995 
3 327 -00103 0·905 1.002 
4 343 -0.089 00965 1.009 
5 357 0.032 00-993 1.009 
6 372 00106 00928 10009 
7 386 00055 0·922 1.009 
8 400 -0.052 0·981 1~009 
9 413 -00096 0·977 1.008 
10 426 -0.043 0·925 1.007 
11 438 00044 0·926 1.003 
12 450 0.087 0·97.3 0·996 
13 462 0.060 00983 0·993 
14 472 -0.003 0·950 1.002 
15 475 -0.023 0·938 00994 
16 481 -0.058 0·922 1.005 
17 493 -0.079 0·935 0·999 
18 495 -0.075 0·943 1.005 
19 501 -0.053 00966 0·997 
20 510 -0.003 0·983 1.007 
21 521 0.057 0·961 1.001 
22 535 0.069 0·923 0·999 
23 550 -00001 0·953 1.003 
24 568 -0.069 0·975 1.005 
1 1 890 -0.406 1.155 00979 
2 184 -0.189 0.963 0·982 
3 285 0.,100 0·934 1.000 
2 1 47·8 1.594 10257 0·979 
2 100 -0.460 1.062 0·968 
3 188 -00132 1.005 1.006 
4 256 -00157 00.996 0·992 
5 293 0.135 0·982 0·996 
3 1 37·6 1·532 1.648 1.099 
2 54.1 1.421 0·972 1.043 
3 117 -0.010 0.832 0·993 
4 182 -00207 00948 0.989 
5 236 0.001 0·955 1.004 
6 272 -0.029 00899 1.008 
TABLE 9. DYNAMIC LOAD FACTORS AT J:lIAXIMllM AMPLIFICA'I'ION 
FOR 7-INCH HYPERBOLOID 
115 
Height Above Mode Number I Base) ft 1 2 3 4 5 6 7 (24 modes) 
0 8 -206 125 -151 99 -124 80 -309 
45 0 -35 28 24 -63 85 -44 -17 
85 0 0 1 -14 -8 56 -5 7 
121 0 0 0 -2 -10 -2 
153 0 0 0 0 0 0 0 4 
186 0 0 ·0 0 0 0 0 2 
218 0 0 0 0 0 0 0 3 
246 0 0 0 0 0 0 0 4 
267 0 0 0 0 0 0 0 -1 
295 0 0 0 -1 0 0 0 0 
330 0 0 0 0 0 0 0 0 
TABLE 100 MERIDIONAL BENDING STRESS INA HYPERBOLOID DUE 
TO A UNIT LOAD FOR n = 0 
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FIG. 1. SURFACE OF REVOLUTION 
z 
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APPENDIX 
Summary of Geometry for a Cylinder, Cone, 
and Hyperboloid of One Sheet 
Ci:' inder 
Z X cos 6 rm = a y = iI si n e 
>J I z = ox 
1--- -.. y 
A == b 
X r == a 
~ 
Z X == xb sin a cos tI 
y == xb sin a sin e 
Z == xb cos e 
A == b 
Y r == xb sin a 
X 
3. Hi:perbo)oid of one sheet 
Z X == a cosh x cos 6 
y == a cosh x sin ij 
Z == b sinh x i---+----y 
r J = CX) 
r 2 = a 
r, == CX) 
r 2 == xb tan a 
r J == _A3 lab 
r 2 == aA/b 
A == /a2 sinh2 x + b2 cosh2 x 
r == ill cosh x 
